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The problem of learning is arquably at
the very core of the problem of intelli-
gence, both biological and artificial.
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Introduction

(1) A main theme of this report is the relationship of approximation to learning
and the primary role of sampling (inductive inference). We try to emphasize rela-
tions of the theory of learning to the mainstream of mathematics. In particular,
there are large roles for probability theory, for algorithms such as least squares, and
for tools and ideas from linear algebra and linear analysis. An advantage of doing
this is that communication is facilitated and the power of core mathematics is more
easily brought to bear.
We illustrate what we mean by learning theory by giving some instances.

(a) The understanding of language acquisition by children or the emergence of
languages in early human cultures.

(b) In Manufacturing Engineering, the design of a new wave of machines is an-
ticipated which uses sensors to sample properties of objects before, during,
and after treatment. The information gathered from these samples is to be
analyzed by the machine to decide how to better deal with new input objects
(see [Venuvinod 2000]).

(c) Pattern recognition of objects ranging from handwritten letters of the alphabet
to pictures of animals, to the human voice.
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Understanding the laws of learning plays a large role in disciplines such as (Cog-
nitive) Psychology, Animal Behavior, Economic Decision making, all branches of
Engineering, Computer Science, and especially the study of human thought pro-
cesses (how the brain works).

Mathematics has already played a big role towards the goal of giving a univer-
sal foundation of studies in these disciplines. We mention as examples the theory
of Neural Networks going back to McCulloch and Pitts [1943] and Minsky and
Papert [1969], the PAC learning of Valiant [1984], Statistical Learning Theory as
developed by Vapnik [1998], and the use of reproducing kernels as in [Evgeniou,
Pontil, and Poggio 2000] among many other mathematical developments. We are
heavily indebted to these developments. Recent discussions with a number of math-
ematicians have also been helpful. In particular this includes Gregorio Malajovich,
Massimiliano Pontil, Yuan Yao, and especially Ding-Xuan Zhou.

(2) We now describe some cases of learning where we have simplified to the
extreme.

Case 1 A classical example of learning is that of learning a physical law by curve
fitting to data. Assume that the law at hand, an unknown function f : R — IR,
has a specific form and that the space of all functions having this form can be
parameterized by N real numbers. For instance, if f is assumed to be a polynomial of
degree d then N = d+1 and the parameters are the unknown coefficients wy, . .., wqy
of f. In this case, finding the best fit by the least squares method estimates the
unknown f from a set of pairs (z1,y1), ..., (Zm, Ym). If the measurements generating
this set were exact, then f(z;) would be equal to y;. But in general one expects the
values y; to be affected by noise. One computes the vector of coefficients w such
that the value

m d

Z(fw(xz) - yi)Qa with fw(x) = Z ’UJ]':EJ

i—1 =0
is minimized where, typically, m > N. In general, the value above is not minimized
at 0. The least squares technique, going back to Gauss and Legendre, which is com-
putationally efficient, and relies on numerical linear algebra, solves this minimization
problem.

In some contexts the x;, rather than being chosen, are also generated by a
probability measure. Thus, one might take as starting point, instead of the unknown
f, a probability measure on R varying with € IR. Then y; is a sample for a given
x;. The starting point could be even a single measure on IR x IR from which the
pairs (z;,y;) are randomly drawn. The latter is the point of view taken here.

A more general form of the functions in our approximating class could be given
by

N
fuwl@) = wigi(x)
i=1



where the ¢; are part of a “preconditioning step”. This is reminiscent of neural nets
where the w; are the weights to be adjusted by “training”.

Case 2 A standard example of pattern recognition is that of recognizing hand-
written characters. Consider the problem of classifying handwritten letters of the
English alphabet. Here, elements in our space X could be matrices with entries in
the interval [0, 1] —each entry representing a pixel in a certain grey scale of a photo
of the handwritten letter or some features extracted from the letters. We may take

Y to be

26 26

Y:{yER26|y:Z>\i6i s.t. ZAi:l}'

i=1 i=1
Here e; is the ith coordinate vector in IR?% (each coordinate corresponding to a let-
ter). If A C Y is the set of points y as above such that 0 < \; <1, fori=1,...,26,
one can interpret a point in A as a probability measure on the set {A,B,C, ..., X, Y, Z}.
The problem is to learn the ideal function f : X — Y which associates, to a given
handwritten letter x, the point {Prob{z = A}, Prob{z = B},...,Prob{z = Z}}.
Non-ambiguous letters are mapped into a coordinate vector and in the (pure) classi-
fication problem f takes values on these e;. “Learning f” means to find a sufficiently
good approximation of f within a given prescribed class.

The approximation of f is constructed from a set of samples of handwritten
letters, each of them with a label in Y. The set {(z1,y1),-.., (Zm,¥ym)} of these m
samples is randomly drawn from X X Y according to a measure p on X x Y and
the function f to be learned is the regression function f, of p. That is, f,(z) is
the average of the y values of {z} x Y (we will be more precise about p and the
regression function in Section 1 in the next chapter).

Case 3 (Monte Carlo integration) An early instance of randomization in al-
gorithmics appears for computing integrals. Let f : [0,1]* — R. A way of
approximating the integral fxe[o,l}n f(xz)dx consists of randomly drawing points
T1,..., T, € [0,1]" and computing

m

In(f) = -3 fla).

=1

Under mild conditions on f, I,,,(f) — [ f with probability 1, i.e., for all e > 0,

lim Prob {‘Im(f) —/f‘ >5} — 0.
M—00 T1,---,Tm

We find again the theme of learning an object (here a single real number, al-

though defined in a non trivial way through f) from a sample. In this case the

measure governing the sample is known (the measure in [0, 1]" inherited from the

standard Lebesgue measure on IR™) but the same idea can be used for an unknown



measure. If px is a probability measure on X C R", a domain or manifold, I,,(f)
will approximate f:ve « f(x)dpx, for large m with high probability, as long as the
points x1, ..., %y are drawn from X according to the measure px.

Case 4 The approximation of characteristic (or indicator) functions of sets is known
as PAC learning (from Probably Approximately Correct). Let T (the target concept)
be a subset of IR” and px be a probability measure on IR" which we assume not
known in advance. Intuitively, a set S C IR™ approximates 7" when the symmetric
difference SAT = (S —T)U (T — S) is small, i.e. has a small measure. Note that, if
fs and fr denote the characteristic functions of S and T respectively, this measure,
called the error of S, is [z (fs — fr)?dpx.

Let C be a class of subsets of R™ and assume that 7' € C. A strategy to
construct an approximation of T is the following. First, draw points z1,...,z,, € R"
according to px and label each of them with 1 or 0 according to whether or not
they belong to T'. Secondly, compute any function fg: R™ — {0,1}, fs € C, which
coincides with the labeling above over {z1,...,z;}. Such a function will provide
a good approximation S of T as long as m is large enough and C is not too wild.
Thus the measure px is used in both capacities, governing the sample drawing and
measuring the error set SAT.

A major goal in PAC learning is to estimate how large m needs to be to obtain
an ¢ approximation of T' with probability at least 1 — § as a function of € and 4.

A common characteristic of the cases above is the existence of both an “un-
known” function f : X — Y and a probability measure allowing one to randomly
draw points in X x Y. That measure can be on X (Cases 3 and 4), on Y varying
with 2z € X (Case 1), or on the product X x Y (Case 2). It can be known (Case 3)
or unknown. The only requirement it satisfies is that, if for x € X a point y € Y
can be randomly drawn, then the expected value of y is f(z).

The development in this paper, for reasons of unity and generality, will be based
upon a single measure on X X Y. Yet, one should keep in mind the distinction
between “inputs” z € X and “outputs” y € Y.

In the sequel, we will try to give a rigorous development of what we have found
to be the central ideas of learning theory. However, learning theory in its various
forms is vast and we don’t even touch on important parts such as “unsupervised
learning”, relations with dynamics, with neural nets, and so on. “Classification” is
not covered directly. However, this report could be of use in further foundational
studies in these areas.

Since the readers will have diverse mathematical backgrounds, we sketch the
proofs of some standard theorems, with references to the literature for fuller ac-
counts. When the result is new, we are more complete.

Practical results are not the goal of this paper. Understanding is. We try to
write in the spirit of H. Weyl and J. von Neumann’s contributions to the foundations
of quantum mechanics.



CHAPTER I: SAMPLE ERROR

1 A formal setting: The probability measure on the
product space and the error

Since we want to study learning from random sampling, the primary object in our
development is a probability measure p governing the sampling and which is not
known in advance (however, the goal is not to reveal p).

Let X be a compact domain or a manifold in Euclidean space and Y = R*. For
convenience we will take & = 1 for the time being. Let p be a Borel probability
measure on Z = X X Y whose regularity properties will be assumed as needed. In
the following we try to utilize concepts formed naturally and solely from X,Y and
p-

Throughout this paper, if £ is a random variable, i.e. a real valued function on
a probability space Z, we will use E(£) to denote the expected value (or average, or
mean) of ¢ and 02(¢) to denote its variance. Thus

E(¢) Z/Z€ and  0*(¢) = E(({ - E(¢))*) = E(&?) - (E(¢))*.

A main concept is the error (or least squares error) of f defined by

&N = &) = [ () =9 forfiX Y.

For each input z € X and output y € Y, (f(z) — y)? is the error suffered from the
use of f as a model for the process producing y from z. By integrating over X X Y
(w.r.t. p, of course) we average out the error over all pairs (z,y). Hence the word
“error” for E£(f).

The problem is posed: What is the f which minimizes the error E(f)?

The error £(f) naturally decomposes as a sum. Let us see how.

For every = € X, let p(y|z) be the conditional (w.r.t. z) probability measure on
Y and px be the marginal probability measure on X, i.e. the measure on X defined
by px(S) = p(r 1(S)) where 7 : X x Y — X is the projection. Notice that p,
p(y|z) and px are related as follows. For every integrable function ¢ : X x Y — R
a version of Fubini’s Theorem states that

/Xxyw(x,y)dpzfX </Y(,0((E,y)dp(y|x)> dpx.

This “breaking” of p into the measures p(y|z) and px corresponds to looking at Z
as a product of an input domain X and an output set Y. In what follows, unless
otherwise specified, integrals are to be understood over p, p(y|z) or px.



Define f,: X — Y by
folz) = /Y ydp(ylz).

The function f, is called the regression function of p. For each z € X, f,(x) is the
average of the y coordinate of {z} X Y (in topological terms, the average of y on the
fiber of z). Regularity hypotheses on p will induce regularity properties on f,.

We will assume throughout this paper that f, is bounded.

Fix £ € X and consider the function from Y to IR mapping y into (y — f,(z)).
Since the expected value of this function is 0, its variance is

o () = /Y (v — o)) dp(y]2)

and averaging over X, define
2 _ 2 _
o? = /Xa (#) dpx = £(f,).

The number ag is a measure of how well conditioned p is, analogous to the notion
of condition number in numerical linear algebra.

Remark 1 (a) It is important to note that, while p and f, are mainly “unknown”,
px is known in some situations and can even be the Lebesgue measure on X
inherited from Euclidean space (as in Case 1 above).

(b) In the rest of this paper, if formulas do not make sense or oo appears, then the
assertions where these formulas occur should be considered vacuous.

Proposition 1 For every f: X — Y,
&) = [ (@) = 1,@)* +0

Proposition 1 has the following consequence:

The first term in the right-hand side of Proposition 1 provides an average (over
X)) of the error suffered from the use of f as a model for f,. In addition, since 012,
is independent of f, Proposition 1 implies that f, has the smallest possible error
among all functions f : X — Y. Thus ag represents a lower bound on the error £
and it is due solely to our primary object, the measure p.

Thus, Proposition 1 supports:

The goal is to “learn” (i.e. to find a good approximation of) f, from
random samples on Z.



PROOF OF PROPOSITION 1. We have

E(f) = /Z (@) — fol) + fo) — 1)

= [ u@ =2+ [ [ @ -vr 2 [ [ 7@ =) -

- /X(f() f(@)? + 0.

We now consider the sampling. Let

ZEZma Z:((xlayl)a-"a(xmaym)

be a sample in Z™, i.e. m examples independently drawn according to p. Here
Z™ denotes the m-fold Cartesian product of Z. We define the empirical error of f
(w.r.t. z) to be
1 — )
Ef) == (flai) — ).

m “
=1

If £ is a random variable on Z we denote the empirical mean of £ (w.r.t. z) by E,(§).

Thus,
1 m
= =) &(=).
m “
=1
For any function f : X — Y we denote by fy the function

fy: XxY = Y
(z,y) = f(z)—y.

With these notations we may write £(f) = E(f2) and &,(f) = E4(fZ). We already
remarked that the expected value of f,y is 0; we now remark that its variance is ag.
Remark 2 Consider the setting of PAC learning discussed in Case 4 where X =
R"™. The measure px described there can be extended to a measure p on Z by
defining, for A C Z,

p(A) = px({z € X | (z, fr(z)) € A}).

The marginal measure on X of p is our original px. In addition, 012, = 0, the

error above specializes to the error mentioned in that discussion, and the regression
function f, of p coincides with fr except for a set of measure zero in X.

v)



2 Convergence in probability

Toward the proof of our main Theorems B and C we recall some basic inequalities
in probability theory. The first one, Chebyshev’s inequality, is classical. For a proof
of the second one, which is an exponential extension of Chebyshev’s inequality for
bounded random variables, see [Pollard 1984].

Proposition 2 Let £ be a random wvariable on a probability space Z with mean
E(¢) = p and variance 0%(€) = o?.

[Chebyshev] For alle >0

1 m
e o

=1

[Bernstein] If [£(z) — E(&)| < M for almost all z € Z then, for all € > 0,

1 m
fergg{‘g > &z) —

m€2
> 6} < 9¢ i)
i=1

|

Remark 3 (i) The inequalities in Proposition 2 can be seen as quantitative ver-
sions of the law of large numbers.

(ii) Bernstein’s inequality without the absolute value provides a bound without the

m€2

first 2, i.e. e (i) (see [Pollard 1984]).

(iii) Another exponential version of Chebyshev’s inequality, due to Hoeffding, is
often used in the learning literature. With the notations used in the statement
of Proposition 2 Hoeffding’s inequality reads

lm
Prob{ | — -
zergm{mizzlf(z) I

Notice that when we replace o? by its obvious bound M? the exponent in
Bernstein’s inequality becomes

ms2
> 5} < 2¢ onZ,

m62

C2M? 1 2Me

which is slightly worse than Hoeffding’s. Since we may assume ¢ < M (oth-
erwise the probability in the statement is zero) we have 2M? + %M e <



2M?(1 + 1/3) and it follows that this exponent is multiplied by a factor of
at most 3/4. However, in the other extreme, when o2 = 0, the exponent in

Bernstein’s inequality becomes
Ime

C2M
which is much better than the exponent in Hoeffding’s inequality.

We also note that Chebyshev’s inequality yields a better bound than both
Bernstein’s and Hoeffding’s for small m.

Let f: X — Y. The defect function of f is

Lz(f) = LP,Z(f) = S(f) - gz(f)

Notice that the theoretical error £(f) can not be measured directly while &,(f) can.
A bound on L,(f) becomes useful since it allows one to bound the actual error from

an observed quantity.
Our first main result, Theorem A, states bounds for Prob{|L,(f)| < ¢} for a
single function f : X — Y. This bound follows from Proposition 2 by taking

£ = fi-
Theorem A Let M > 0 and f : X — Y such that |f(z) — y| < M almost
everywhere. Then, for all € > 0,

m€2

Prgb{|LZ(f)| <ep>1- 26_2(02+%M25)
zeZm

where o? is the variance of f}% O

Remark 4 (1) Note that the confidence (i.e. the right hand side in the inequal-
2, 12,2
ity above) is positive when m is larger than w and approaches 1
exponentially fast with m.

(2) A case implying the condition |f(z) — y| < M a.e. is the following. Define
M,=inf{M >0 |{(z,y) € Z | |y — fo(z)| > M} has measure zero} .

Then take M = P + M, where P > ||f — f,|lc0 = sup |f(z) — f,(x)].
zeX

3 Hypothesis spaces and target functions

Learning processes do not take place in a vacuum. Some structure needs to be
present at the beginning of the process. The nature of this structure in the instance
of language acquisition mentioned in the introduction is a subject of debate among



linguists. In our formal development, we will assume that this structure takes the
form of a class of functions. The goal of the learning process will thus be to find the
best approximation of f, within this class. Therefore, we now move the focus from
a function f: X — Y to a family H of such functions.

Let € (X) be the Banach space of continuous functions on X with the norm

[ lloo = sup | f(z)].
zeX

We consider a compact subset H of (X ) —in the sequel called hypothesis space—
where algorithms will work to find, as well as possible, the best approximation for
fp- A main choice in our paper is a compact, infinite dimensional, subset of € (X)
but we will also consider closed balls in finite dimensional subspaces of € (X). It is
important for us to choose H in this way so that the existence of fy and f, (see
below) is guaranteed, Proposition 3 below can be proved, and covering numbers are
finite (see Section 4).

If f, € H simplifications will occur. But in general, we will not even assume
that f, € ¢(X) and we will have to consider a target function fy in H.

Let fy be a function minimizing the error £(f) over f € H, i.e. an optimizer of

feH

win [ (£(2) - )"
z
Notice that, since £(f) = [ (f — fo)? + ag, fx is also an optimizer of

. 2
min — .
min [ (£~ £,
The existence of fy follows from the compactness of H and the continuity of
€ : ¢(X) - R (see Remark 7 below). It is not necessarily unique. However, we
will see a uniqueness result in Section 7 when H is convex.
Let z € Z™ be a sample. We define the empirical target function fy, = f, to
be a function minimizing the empirical error £,(f) over f € H, i.e. an optimizer of
1 m
. 2
min — i) — Yi)~.
feHle(f( i) = Yi)
Note that while f, is not produced by an algorithm it is close to algorithmic. It is
“empirical” from its dependence on the sample z. The existence of f, follows from
the compactness of 7 and the continuity of £, where the use of || || is now crucial
(again, see Remark 7 below). Observe that f, does not depend on p. Note also that
E(fz) and E(f) are different objects, as are £(fy) and Ex(f) below.
For a given hypothesis space H, the error in H of a function f € H is the
normalized error

En(f) = E(f) = E(fn)-

10



Note that &4 (f) > 0 for all f € ‘H and that Ex(fy) =0.
Continuing the discussion after Proposition 1, note that it follows from our
definitions and that Proposition that

E(f2) = Enlfa) + E(fr) = /X (= f,)? + 02 (1)

Consider the sum &y (fz) + £(fn). The second term in this sum depends on the
choice of ‘H but is independent of sampling. We will call it the approxzimation error.
The first term, Ex/(f4), is called the sample error.!

Equation (1) thus breaks our goal —to estimate [\ (f; — f,)? or, equivalently,
E(fz)— into two different problems corresponding to finding estimates for the sample
and approximation errors. Note that the first problem is posed on the space H and
the second is independent of the sample z. For fixed H the sample error decreases
when the number m of examples increases (as we will see in Theorem C). Fix m
instead. Then, typically, the approximation error will decrease when enlarging H
but the sample error will increase. This latter feature is sometimes called the bias-
variance trade-off (see e.g. [Bishop 1995] and page 41 in [Niyogi 1998]). The “bias”
is the approximation error and the “variance” is the sample error. The problem is
suggested, how to choose dimH (or another measure of the size of H) when m is
fixed. We will examine this problem in the next chapter. The focus of this chapter
is on estimating the sample error. We want to estimate how close one may expect
fz and f3 to be, depending on the size of the sample and with a given confidence.
Or, equivalently,

How many examples do we need to draw to assert, with a confidence
greater than 1 — 8, that [\ (fz — fu)?* is not more than e?

There have been many results in recent years doing this (cf. [Haussler 1992;
Vapnik 1998]). Our main results in this chapter, Theorems C and C* below, give
such estimates in a general and sharp setting.

We now describe some examples of hypothesis spaces. Our development in this
and the next chapter will be accompanied by the development of these examples.

Example 1 (Homogeneous polynomials) Let Hy = Hq(IR"™!) be the linear
space of homogeneous polynomials of degree d in zg,z1,...,z,. Let X = S(R"T1),
the n-dimensional unit sphere. An element in H, defines a function from X to R
and can be written as

f= Z wax®.

|a|=d
Here, a = (ap,...,a,) € N” is a “multi-index”, |a| = ag + -+ + ay, and z® =
zy° - - zgn. Thus, Hy is a vector space of dimension

N:<”:d>.

!The sample error is often called estimation error in the literature.

11



We may consider H = {f € Hq | || flloo < 1} as a hypothesis space. Because of the
scaling f(Ax) = Af(x), taking the bound ||f|lec < 1 causes no loss. The number
N is exponential in n and d. We notice however that in some situations one may
consider a linear space of polynomials with a given monomial structure, i.e. in which

only a prespecified set of monomials may appear.

Example 2 (Finite dimensional function spaces) This generalizes the previ-
ous example. Let ¢1,...,¢n € €(X) and IE be the linear subspace of (X ) spanned
by {¢1,...,¢n}. Here we may take H = {f € IE | || f|cc < R} for some R > 0.

The next two examples deal with infinite dimensional linear spaces. In both of
them, the space £2(X) of square integrable functions is central.
Let v be a Borel measure on X and L be the linear space of functions f : X — Y

such that the integral
/ £2(x) dv
X

exists. The space Z2(X) is defined to be the quotient of L under the equivalence
relation = given by

f=g = /X (f () — g(2))? dv = 0.

This is a Hilbert space with the scalar product

(f. 90y = /X f(2)g(z) dv.

We will denote by || ||, the norm induced by this inner product. In case v = px we
will write || ||, instead of the more cumbersome || ||,
A linear map J : [E — IF between the Banach spaces IE and IF is called compact

if the closure J(B) of J(B) is compact for any bounded set B C E.

Example 3 (Sobolev spaces) Let X be a compact domain in IR with smooth
boundary. Then, the space ¥*°(X) of infinitely differentiable functions on X is
well-defined. For every s € IN we can define an inner product in ¥°°(X) by

(f,9)s = /X Y D¥fD.

laf<s

ox{1..0zan
respect to the Lebesgue measure 4 on X inherited from FKuclidean space. We will
denote by || ||s the norm induced by ( , )s;. Notice that when s = 0 the inner
product above coincides with that of XE(X ). In particular, || [[o = || ||,- We define

Here, o € IN", D*f is the partial derivative and we are integrating with

12



the Sobolev space H*(X) to be the completion of ¥°°(X) with respect to the norm
| [|s- The Sobolev Embedding Theorem asserts that, for s > n/2, the inclusion

Js : H¥(X) — %(X)
is well-defined and bounded. From Rellich’s Theorem it follows that this embedding
is actually compact. The definition of H*(X) can be extended to s € R, s > 0, by
using a Fourier transform argument (see also [Smale and Zhou 2001]). A reference
for the above is [Taylor 1996].
Thus, if Br denotes the closed ball of radius R in H*(X) we may take Hp s =
H = Js (BR)

Example 4 (Spaces associated to a kernel) Let K : X x X — IR be continu-
ous and symmetric. Assume that, in addition, K is positive definite, i.e. that for
all finite sets {z1,..., 25} C X the k x k matrix K[x] whose (7,j) entry is K(z;, z;)
is positive definite. We will call such function a Mercer kernel. Let v be any Borel
measure on X. Let L : £2(X) — % (X) be the linear operator given by

(L f)(z /th

Then Lk is well-defined, positive, and compact (cf. Section 1 of Chapter III). In
Section 3 of Chapter III it is proved that there exists a Hilbert space H of con-
tinuous functions on X (called reproducing kernel Hilbert space, RKHS for short)

associated to K and X and independent of v such that the linear map L}(/2 is a

Hilbert isomorphism between .Z2(X) and Hy. Here Ll/ ? denotes the square root

of Lk, i.e. the only linear operator satisfying Ll/2 o Ll/2 = Lg. Thus, we have the
following diagram
L
L3 (X) — %(X)
L}(/Q & I
Hr

where we write L 4 to emphasize that the target is 4(X) and Ix denotes the
inclusion. In Section 5 of Chapter IIT we will prove that if K is ¥°° then If is
compact. For a > Mercer kernel K we may thus consider I (Bg) as a hypothesis
space. This choice will occupy us in Chapter IIT where, in particular, Mercer kernels
are shown to exist.

Remark 5 The examples above fit into a general setting which we will refer to in
the sequel. Let IE be a Banach space of functions on X and Jg : E — ¢(X) a
compact embedding. We then define, for R > 0,

" =Hr=Hgr=Jr(Br)

where Br denotes the closed ball of radius R in IE. Of course our definition of
hypothesis space includes some which do not fit into the general setting.

13



4 Uniform Estimates on the Defect

Our second main result, Theorem B, extends Theorem A to families of functions.
While Theorem A is an immediate application of Bernstein’s inequality, Theorem B
is a version of the main uniformity estimate in Statistical Learning Theory as de-
veloped by Vapnik (see e.g. [Haussler 1992; Vapnik 1998]). The topology on the
family of functions, in particular via supposing H C % (X) and H compact as in
Section 3, enables our statement and proof of the uniformity estimates to become
quite economical.

Let S be a metric space and s > 0. We define the covering number N(S,s) to
be the minimal ¢ € IN such that there exist ¢ disks in S with radius s covering S.
When S is compact, as in our case, this number is finite.

Theorem B Let H be a compact subset of €(X). Assume that, for oll f € H,
|f(x) —y| < M almost everywhere. Then, for all € > 0,

m52
£ - 2,12
Prob L(f) <eb>1-— & ) ge #(z?+iaze)
zéé’m{,%‘gg' (f)l_e}_ N(H,gM) e

Here 0% = 0?(H) = sup o*(f2).
feH

Notice the resemblance to Theorem A. The only essential difference is in the
covering number, which takes into account the extension from a single f to the
family H. This has the effect of requiring the sample size m to increase accordingly
to achieve the confidence level of Theorem A.

Let f1, fo € €(X). We first estimate the quantity

|LZ(f1) - LZ(f2)|
linearly by ||f1 — f2|loo for almost all z € Z™ (a Lipshitz estimate).

Proposition 3 If |f;(z) —y| < M on a set U C Z of full measure for j =1,2 then,
forz e U™
|Lz(f1) — La(f2)| < 4M|[f1 — falco-

PROOF. First note that since

(fi(2) = 9)* = (folz) — 9)* = (fi1(2) — fo(2))(f1(2) + fa(z) — 2y)

we have

) - ()| = \ [~ R A ) + ) -20)

< ||f1—f2||oo/|(f1(w)—y)+(fz(x) )
| f1 — f2llca2M.

IN
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Also, for z € U™, we have

m

£l &R = - S (ile) — Folw)) (a(o) + o) — 290
=1
< = Folbor D1 @) = 9) + (alai) — 1)
i=1
< lf1 = folloo2M.

Thus

|Lz(f1) = La(f2)| = |E(f1) — Ea(f1) — E(f2) + Ea(f2)| < 11 — fallowdM.

|

Remark 6 Notice that for bounding |E,(f1) — £z(f2)| in the proof above —in con-
trast with the bound for |E(f1) — £(f2)|— one crucially needs the use of the || ||
norm. Nothing less would do.

Remark 7 Let H C %(X) such that, for all f € H, |f(z) — y| < M almost
everywhere. Then the bounds |E(f1)—E(f2)| < 2M||f1—f2lleo and |E4(f1)—E2(f2)| <
2M||f1 — f2||loo imply that &€,&, : H — R are continuous.

Lemma 1 Let H=51U...US; and € > 0. Then

{
Prob < sup |Lx(f)| >ep <) Prob< sup |L,(f)]| > €.
z€Z™ | feH ) zeZm fes;
Proor. It follows from the equivalence

sup |Lx(f)| > e <= 35 <{s.t. sup|Ly(f)|>¢
fen f€eS;

and the fact that the probability of a union of events is bounded by the sum of the

probabilities of these events. O

PROOF OF THEOREM B. Let /=N (7—[, ﬁ) and consider fi,..., fs such that

the disks D; centered at f; and with radius ;5; cover H. Let U be a full measure

set on which |f(z) —y| < M. By Proposition 3, for all z € U™ and all f € Dy,

\La(f) — La(f;)] < AM||f = fjlloo < 4Mﬁ —c

Since this holds for all z € U™ and all f € D; we get

sup |Lz(f)| > 2e = |Lz(fj)| > €.
feD;

15



We conclude that, for j =1,...,4,
_ me2
Prob ¢ sup |L,(f)| > 2e p < Prob{|L,(f;)| > €} < 2e 22y )5 M)
zcZ™ feb; VASYAL
with the last estimate using Theorem A. The statement now follows from Lemma 1

by replacing € by ¢/2. O

Remark 8 We noted in Remark 3 that Bernstein’s inequality can be seen as a
quantitative instance of the law of large numbers. An “abstract” uniform version of
this law can be extracted from the proof of Theorem B.

Proposition 4 Let F be a family of functions from a probability space Z to R and
d a distance on F. Let U C Z be of full measure such that,

(a) |€(z)| < B forallé € F and all z € U, and
(b) |La(&1) — Lu(&2)| S Ld(61,&2), for all £1,62 € F and all z € U™

where Lz(f):/Zf(f,z)—%Zf(f,zl) Then, for all € > 0,
=1

m52

Prob {sup |La(€)] < 6} > 1= N (F, =) 2e “Credn).

ZEZ™ | teF 2L
Here 0 = 0*(F) = supo?(&). O
£eF

5 Estimating the Sample Error

How good can we expect f, to be as an approximation of f37? Or, in other words,
how small can we expect the sample error £4(f;) to be? The third main result in
this chapter, Theorem C below, gives an answer.

Lemma 2 Let H be a compact subset of €(X). Let e >0 and 0 < § < 1 such that

Prob {sup |L(f)| < 5} >1-0.

Then
Pré)b {En(fz) <2e} >1-0.
zcZm
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PROOF. By hypothesis we have, with probability at least 1 — 6,

E(fz) < Eulfa) +€
and
Ea(fu) < E(fu) +e.

Moreover, since f, minimizes £, on H we have

Ez(fz) < SZ(fH)

Therefore, with probability at least 1 — 9,
E(fz) < Ealfz) + & < Ealfr) + < E(fn) +2¢

and thus, Ex(fz) < 2e. O

Replacing € by £/2 in Lemma 2 and using Theorem B one obtains the following.

Theorem C Let H be a compact subset of €(X). Assume that, for all f € H,
|f(z) —y| < M almost everywhere. Let

0® = o*(H) = sup o*(f})
JeH

where o?(fZ) is the variance of fZ. Then, for all € > 0,

m52

B £ TS(a+Ear)
Prob {€x(f,) < e} > 1= N (M, 157 ) 20 F%).

|

In case H is convex Theorem C* in Section 7 improves the dependence on €. Its
Corollary 5 estimates directly || fz — full, as well.

Remark 9 Theorem C helps to deal with the question posed in Section 3. Given
g,0 > 0, to ensure that

Prob{&4(fz) <e}>1-4

zZeZm

it is sufficient that the number m of examples satisfies

> SO (o (1)) < (3)] @)

ms2

To prove this, take 6 = N(H,ﬁ) 9¢ *(17°+3M%) 214 solve for m. But note
further that (2) gives a relation between the three basic variables ¢, and m.

17



6 Estimation of Covering Numbers

As we have seen, the estimates in Theorems B and C have as a factor the covering
numbers N (H,n). Here we give estimates for this factor in our series of examples.

Our first result estimates the covering number of balls in finite dimensional
Banach spaces. Let IE be such a space and denote by Bg the closed ball of radius
R centered at the origin, i.e.,

Br={z ¢ E||| < R}.

4R
Proposition 5 Let N = dimIE. Then InN(Bg,n) < NIn (—)
n

Proposition 5 allows one to bound the covering numbers appearing in Example 2.
The proof we next give is essentially taken from [Carl and Stephani 1990]. We first
introduce some numbers occurring in functional analysis.

Let S be a metric space. For & > 1 define

er(S) = inf{e > 0| I closed balls D, ..., D) with radius ¢ covering S}.

Note that
er(S) <n = N(S,n) <k (3)

since both inequalities are equivalent to the existence of a covering of S by k balls
of radius 7. Also, note that € scales well in the sense that, for all R > 0, ¢ (RS) =
Rei(S). Here RS = {Rz | z € S}.

Also, for k > 1, define

0p(S) =sup{d > 0| Jzy,..., 2441 € S s.t. for i # 4, d(x;,xj) > 20}.
Lemma 3 (i) For all k > 1, ¢r(S) < er(S) < 2¢x(S5).

(ii) Let IE be a Banach space of dimension N and By the unit ball in IE. For all
k>1, k™~ <ep(Br) <4(k+1)"7.

PrROOF.  Part (i) is easy to prove. For part (ii), first note that ¢ (B1) <1 for all
k€ IN. Let p < ¢(Bi1). Then there exist z1,...,zp11 such that d(z;,z;) > 2p for
1<i#j<k+1 Let Dj =z;+pBi,j=1,...,k+1. Clearly, D; N D; =0 if
i # j. In addition, for all z € Dy, ||z|| < ||l — zj|| + ||z;|| < p+1 < 2. Therefore,
D; C By.

As a vector space, IE is isomorphic to R"Y. Any such isomorphism induces on
E a measure v which is invariant under translations and is homogeneous of degree

18



N with respect to homotheties (i.e. ¥(AB) = ANv(B) for every measurable set B).
Using this measure we get

k+1 k+1
> (D) <v(By) = > pNu(By) < 2Vu(By)
=1 =1

= (k+1)pV <2V = p<2k+1)7W.

From here it follows e4(B1) < 4(k + 1)_%.
For the other inequality in (ii) consider any € > €;(B1). Then there exist closed
balls Dy, ..., Dy of radius € covering B; and consequently v(B;) < ke v(B;) which

implies k™~ < e. .
Let z € IR. We denote by [z] the largest integer smaller than or equal to z.

4R\ 4R\ Y
PROOF OF PROPOSITION 5. Let k = {(—) — 1-‘. Then k+1 > (—) and
n n

4k+1)"F < L= ep(Bi) < }% < ex(Br) <n < N (Bgr,n) <k.

==

From here the statement follows since k < (477—R)N . O

To deal with Examples 3 and 4 we introduce a logarithmic version of ¢(S). For
k > 1 define the kth entropy number of a metric space S to be?

er(S) = inf {e > 0| 3 closed balls Dy,..., Dy._; with radius ¢ covering S} .
If E and F are Banach spaces and T' : I — IF is a linear map then we define
er(T) = er(T(By)).
Lemma 4 (a) e;(T) <n <= N(T(By),n) <2* —1, and
(b) ex(T(Br)) = Rex(T).
PrOOF.  For (a) note that, using (3),
ex(T) <7 <= ep(T(B1) <7 = N(T(By),m) <2 —1.
Part (b) is clear. O

Example 3 (continued) Recall that H*(X) is a Sobolev space and we are as-
suming that s > n/2 from which it follows that the inclusion

Jy: HY(X) = €(X)

2Sometimes in the literature (e.g. [Carl and Stephani 1990]) &1 (S) and ¢ (S) are called inner
and outer entropy numbers respectively. Following [Edmunds and Triebel 1996] we reserve the
expression entropy number for e (S).
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is a compact embedding. Let Bpr be the closed ball of radius R centered at the
origin in H*(X) and H = Js(Bg) be its image in ¢ (X).

A main result —of a kind going back to the work of Birman and
Solomyak [1967]— concerning entropy numbers of Sobolev spaces states that, if
X C R" is a compact domain with smooth (¢°*°) boundary and s > n/2 then, for

all | > 1,
1 s/n
<o (p) (@)

For a proof, take s1 = s,50 = 0,p1 = 2,p3 = o0 in a very general theorem of
Edmunds and Triebel ([1996], page 105). Here C is a “constant” independent of k
(which depends though on X and s). It would be useful to see this constant bounded
explicitly.

Remark 10 In general in this paper, we have tried to estimate the value of the
constants occurring in our bounds. In some cases, however, as with the constant C
above, we have lost control.

Proposition 6 Let By be the closed ball of radius R centered at the origin in H*(X)
and H = Js(Br) be its image in €(X). Then, for all € > 0,

n/s
N (1, ¢) < (R—C> +1.

€

n
(4) we thus have ey (J;) < n and therefore, N'(J(B1),n) < 2¥ — 1. Hence,

n/s 1 s/n
PROOF. Let n = Re and k = {<g> -‘ Then n > C (E) . By inequality

n/s
In(N (Js(Br), Rn) = InN (Js(By),n) < k < (R?C> +1.

a

In the use of Proposition 6 we may and will delete the constant 1 by supposing
C is slightly enlarged. Proposition 6 can be generalized to other function spaces via
the mentioned result in [Edmunds and Triebel 1996].

Example 4 (continued) Recall, K : X x X — R is a ¥ Mercer kernel and
]}( :?{]( — %?()()

is the compact embedding defined by K. The following result will be proved in
Section 5 of Chapter III. Let Bgr be the ball of radius R in Hx. Then, for all h > n,

n >0, and R > 0,
2n
- RC\ 7
In N (IK(BR)W) < (—h>
n
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where C}, is a constant independent of n and R.
As a consequence the sample error satisfies that given ¢,0 > 0, in order to have

< > 1 —
Prob {Ex(fs) S ¢} 21 -0

it is enough that the number m of examples satisfies

8 (402 + 1MZ%) [ (16MRC,\ * 1
m > > - +1+mn{ <)

Remark 11 In the examples above, seen as particular cases of the general setting,
with Jg : [E — %(X), we obtain estimates of the entropy numbers for J of the

form ex(JE) < Cp (%)ZE for some positive constants Cg and /. Actually this
estimate is always true if we allow /g to be zero so, in what follows, we will assume
the estimate as a part of the general setting.

1/¢
Note we thus have, for H = Hp g, that In N (H,¢e) < (%> c,

&

We close this section by noting that the use of entropy numbers in learning theory
has been discussed in [Williamson, Smola, and Schélkopf 1998]. On the other hand,
entropy numbers have a strong history in related contexts (see [Kolmogorov and
Tikhomirov 1959; Vitushkin 1959; Lorentz, Golitschek, and Makovoz 1996; van de
Geer 2000]). See also [Wahba 1990] for contributions to these matters coming from
statistics.

7 Convex Hypothesis Spaces

A simple computation shows that in the noise-free case, i.e. when ag = 0, one has
that, for all f € fg(X), o?(f2) = 0. It follows that O'%_{ = 0 and the exponent in
the bound in Theorem C becomes g’]\"ﬁ Thus the dependency on ¢ of this exponent
passes from quadratic to linear. In several situations, notably in those covered in
the general setting described in Remark 5, the hypothesis space H is convex. In
this case, in Theorem C* below, at the cost of worsening the constant 3/8 above
we are able to obtain such a linear dependency on ¢ without assuming 012, =0. In
a related context [Barron 1990; Lee, Bartlett, and Williamson 1998] have shown a

similar passage from £? to ¢.

Theorem C* Let H be a compact and convex subset of €(X). Assume that, for
all f € H, |f(x) —y| < M almost everywhere. Then, for all € > 0,

£ ____me
ZPgré)Ttn) {Ey(fz) < E} >1 -N (7—[, m) e 288M2
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Theorem C* applies to Examples 1 to 4. Before proceeding with the proof of
Theorem C* we revisit these examples.

Example 2 (continued) Let ¢1,...,¢on5 € € (X), IE the subspace of € (X)
spanned by {¢1,...,¢n} and H = {f € IE | ||f|lcc < R} for some R > 0. As
in Remark 9, given €, > 0 to have

Prob{&4(fz) <e}>1-4
zezZm
it is sufficient that the number m of examples satisfies
288 M2 M 1
m > 88 [Nln(%R >+ln<g>].
€ €

This follows from Theorem C* together with Proposition 5.

Example 3 (continued) Recall, H*(X) is a Sobolev space and we are assuming
that s > n/2 from which it follows that the inclusion

Iy H¥(X) < €(X)

is a compact embedding. Let Bgr be the closed ball of radius R centered at the
origin in H*(X) and H = Js(Br) be its image in €(X).
As above, using Proposition 6, given £,4 > 0 to have

< > 11—
Eeré)k {En(fz) <e}>1-96

it is sufficient that the number m of examples satisfies
24CRM\"* 1
3

Example 4 (continued) Recall, Ix : Hx — % (X) is a compact embedding
defined by a ¥°° Mercer kernel K : X x X — IR, Bpg is the ball of radius R in Hg

and H = Ix(Br). As above, given £, > 0 to have

288 M2
>

m

€

Here C is the constant of (4).

< > 1 —
Prob {En(fs) S ¢} 21 -0

it is enough that the number m of examples satisfies

()]

2n
h

m

_ 28807 [ <24MRCh>
- 9

Here h > n and C}, are as in Section 6.
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Remark 12 Note that in the bounds in Examples 3 and 4 there is no dependency
on the dimension of H (which is now infinite), in contrast with the bound shown in
Example 2. These results may be said to be “dimension-free”. The parameter R in
Examples 3 and 4 determines the size of the hypothesis space and is our replacement
for the VC dimension (which is infinite in these examples).

Toward the proof of Theorem C* we show an additional property of convex
hypothesis spaces.

From the discussion in Section 3 it follows that fy is a function in H whose
distance in .,E,”pZ(X ) to f, is minimal. We next prove that, if H is convex, it is
unique.

Lemma 5 Let H be a convezx subset of €(X) such that fy exists. Then fy is
unique as an element in .,E,”pZ(X) and, for all f € H,

/ Un— 1) < Exl).
X

PrRoOOF.  Let s = fyf be the segment of line with extremities f and f.

fo

Ju f

Since H is convex, s C H. And, since fy minimizes the distance in ZpQ(X ) to f,
over M, we have that, for all g € s, ||f5 — f))ll, < llg — foll,- This implies that the

angle f;"; f is obtuse and that implies (note that the squares are crucial)

1F2 = FU5 < WF = Folly = 12 = Foll

/X = 1) < E(F) = E(fn)-

This proves the desired inequality. The uniqueness of fy follows by considering
the line segment joining two minimizers f;, and f},. Reasoning as above one shows

that both angles fpﬁ{\f% and fﬂ?’;:t\f;{ are obtuse. This is only possible if f3;, = f3,.
O
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Corollary 1 With the hypotheses of Theorem C*, for all ¢ > 0,
Prob /(fz — f?—[)2 <egr>1-N (7—[ L) 6_28;11\542_
zeZm - - " 24 M
O

Now, in addition to convexity, assume that H is a compact subset of 4’ (X) so that
the covering numbers N (#,7) make sense and are finite. Also, assume that there
exists M > 0 such that, for all f € H, |f(z) — y| < M a.e. The following analogue
of Theorem B is the main stepping stone towards the proof of Theorem C*.?

For a sample z € Z™, the empirical error in H of f € H is Exa(f) = E(f) —
Ex(fn). Note that &y ,(f2) <O0.

Proposition 7 For alle >0 and 0 < a < 1,

Prob {sup Eulf) = Enalf) > 304} <N (H ae ) e_oéiwm?s.

2€Z™ | fen S’H(f) + € ’ m

Before proving Proposition 7 we see how Theorem C* follows from it.

PROOF OF THEOREM C*.  Put a = 1/6 in Proposition 7. By this proposition,
with probability at least

=N (g € =
we have

gﬂ(f) - gﬂ,z(f) 1

p
fen Eu(f) +e 2

and therefore, for all f € H, 1Ex(f) < Ex(f)+3e. Take f = f,. Then, multiplying
by 2,

gﬂ(fz) < 257{,Z(fz) +e

but £y 4 (f2) < 0 by definition of f, from which £4(f;) < € and the theorem follows.
Od

We now proceed with the proof of Proposition 7. Let ¢(f) : Z — Y be defined
by f§ — fiy- Thus, BUf) = E(f) — E(fu) = En(f) and, for z € Z™, E,L(f) =
E.(f) —Ea(fu) = Enz(f). In addition, we note that for all f € H, |¢(f)(z,y)] < M?
a.e.

Convexity plays a major role in the following result. Let 02 = o2(£(f)) denote
the variance of £(f).

3The writing of the rest of this section benefitted greatly from discussions with Partha Niyogi
and a remark by Peter Bartlett.
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Lemma 6 For all f € H, 0? < 4M2Ey(f).

PROOF.

o? <EUf)=E[(fu— )y —f+y— fu)?] <AM’E[(fx — f)?]

s0, it is enough to prove that E[(fy — f)?] < Ex(f). And this is exactly Lemma 5.
O

Our next result is a form of Theorem A for the random variable £(f).
Lemma 7 Let f € H. For alle,a >0, a <1,

{Ey(f) —En4(f)
En(f) +e

PROOF. Let u = Ey(f). Using the one-sided Bernstein’s inequality (see Re-
mark 3) applied to £(f) and the fact that [£(f)(z)] < M? a.e. we get

a2ma

Za}§68M2.

Prob
zeZm

Enlf) = Enalf) A )
Prob { H H,z Z Of} S e 2(0—2+§M2a(u+e)) .
ZEZ™ n+e

We only need to show that

£ o (1 +e)?
8M?2 =~ 2 (02 + f M2a(u +¢))

€ 9 1.9 2
= op <O’ +§M a(u—i—s)) <(n+e)
eo?  ecap 9

il .
ne T T St

—

The second and third terms in the left are respectively bounded by ue and €2 since
« < 1. The first one is smaller than ey since, by Lemma 6, 02 is bounded by 4M?p.
The result follows since 2ue + €2 < (u + ¢€)?. 0

Lemma 8 Let 0 < a < 1,e >0, and f € H such that

57-[(f) - 57-[,z(f)
En(f) +e

For all g € H such that ||f — gllcc < fi7 we have

En(g) — Enalg)
Eulg) +e¢

< .

< 3a.
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PROOF.

Enlg) ~ Enale) _ Elg) — EUn) — Ealo) + Ealfs) _ Lalg) — Lalfa)
Enlg) +e Enlg) +e Enlg) +¢
_ Lz(g) - Lz(f) + Lz(f) — Lz(f?—l)
Enlg) +e
Lz(g)_Lz(f) Lz(f)_Lz(fH)
Enlg) +e Enlg) +e

If the first term above is negative then it is certainly smaller than «. Otherwise we

have
Lz(g) B Lz(f) < LZ(Q) B Lz(f) < 4M e _
Enlg)+e  — £ = 4Me
the last inequality by Proposition 3 and using that || f — g|lcc < 7. For the second
term, note that, using the first part in the proof of Proposition 3,

ag
E(f) = E(g) < 2M||f = glloo < 2M - <c¢

since a < 1. This implies that
En(f) —Enlg) =E(f) —€(g) <e < &nlg) +e

or, equivalently, that ?;((; gj: < 2. But then
Lo(f) = La(fa) _ En(f) —Enalf) _ Enlf) +¢
Enlg) +¢ Enlg)+e = Eulg)+e ™

a

Proposition 7 follows from Lemma 8 with the same argument used to prove
Theorem B from Proposition 3.

Remark 13 Note that, to obtain Theorem C*, we only used convexity to prove
Lemma 5. But the inequality proved in this lemma may hold true in other situations
as well. A case which stands out is when f, € H. In this case fy = f, and the
inequality in Lemma 5 is trivial.

8 Final remarks

Remark 14 The contents of this chapter have been exposed for Y = R. They can
be, however, extended to Y a finite dimensional inner product space.

Remark 15 The least squares error function £(f) above is only one of the many
used in the learning theory literature. Our view is that it is the central notion
because of mathematical tradition and algorithmic simplicity. However, the least
squares error has its limitations and problems. It could be interesting to analyze
some other error functions in the framework of our paper. See e.g. [Darken, Donahue,
Gurvits, and Sontag 1997].
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Remark 16 Let us compare what we have done with the more traditional ap-
proach in learning theory, especially inspired by Vapnik, with the use of VC (Vapnik-
Chervonenkis) dimension and its variants (see e.g. [Haussler 1992; Vapnik 1998]).
As we have remarked the hypothesis space H plays a central role in the learning
process. The earlier choice of hypothesis space is a space of functions on X which
carries no topology. The development proceeds with a more combinatorial flavor
to achieve results which can not be compared directly with our Theorems B, C,
and C*. In that setting, covering numbers usually depend on the sample and the
sample error estimate will depend on the VC dimension.

Our approach, with its function space H C %(X) leads quickly to classical
functional analysis. The VC dimension is replaced by the radius R of a ball which
defines the hypothesis space in a Sobolev space or in a reproducing kernel Hilbert
space.

Moreover we emphasize the continuous (regression) perspective and are led to
the approximation questions of the next chapter.

CHAPTER II: APPROXIMATION ERROR

For a given hypothesis space H the error £( f,) of the empirical target f, decomposes
as

E(fz) = Enlfaz) + E(fn)-

The first term in this sum, the sample error, has been the focus of Chapter I.
The second term, the approximation error, will be the focus of this chapter. The
approximation error depends only on H and p and, by Proposition 1, is equal to
[x(fx—f,)*+0}. Note that o does not depend on the choice of 7. Therefore, when
studying the approximation error we will examine the integral [ (fx—f,)%. Since f,
is not known and we have made no assumptions on it besides being bounded, there
are limits on how much one can say about the approximation error. We note that
if f, € H then f3 = f, and the integral above is zero. This chapter is devoted to
estimates of the integral for various H and the implications toward the bias-variance
problem.

1 Fourier series and the approximation error

In this section we give an example of a finite dimensional hypothesis space (Exam-
ple 5 below) and an estimate for the corresponding approximation error. To get this
estimate, we will need to estimate the growth of the eigenvalues of a given opera-
tor. Growth of eigenvalues, or the highly related growth of entropy numbers, is a
recurring theme in our report.
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On one hand, Fourier series give a link from our problem in learning theory
to the mathematical analysis known to many scientists. On the other hand, the
interested reader will be able to discover the relations (via Greens’ functions) to our
integral operators and to entropy numbers (see Appendix A of Chapter III) as well
as our use of Sobolev spaces which were originally developed to better understand
elliptic operators.

Let S! be the circle, say described by a real number ¢+ mod 27, and X = (S)”
the m-dimensional torus. For each a = («ay,...,q,) € Z™ consider the complex
valued function on X, ¢a, given by ¢o(z) = (2r)~/2e@%) Here i = /—1. By
taking the real part from de Moivre’s formula one can obtain a real valued function
on X. Thus we may deal with complex valued functions on X.

Let .,E,”MZ(X ) be the space of square integrable functions on X with respect to the
Lebesgue measure induced on X as a quotient of IR"”. Recall that a sequence {¢y}
in a Hilbert space H is said to be a complete orthonormal system (or a Hilbert basis)
if the following conditions hold:

1. for all k,q > 1, <¢ka ¢q> =0,
2. forall k > 1, ||¢k]| = 1, and

3. forall f € H, f = (f bu)dn

k=1

The set {¢q }aczn forms a Hilbert basis of .,E,”uz(X ) with respect to the inner product
(f,9) = [ f9, g the complex conjugate of g. Thus, every function f € flf(X) can

be written as
f = Z Ca¢a-
acin

But if ||« is large the function ¢, oscillates with high frequency and thus each of
these terms gives a fine structure, beyond sensitivity of measurement devices.

Figure 1 Shape of ¢, for a large, n = 1.

This heuristic indicates how, for purposes of the hypothesis space of Section 3 in
Chapter I, it makes sense to consider the subspace Hy C XMQ(X ) spanned by the set
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{#a}||a|2<p for some B with the induced structure of Hilbert space. The dimension
N = N(B) of this space is the number of integer lattice points in the ball of radius
B of R™. Thus, a crude bound is N(B) < (2B)™?2. The ball # g of radius R with
respect to the norm || || in Hx is a candidate for the H of Chapter I.

Remark 1 Let A : °°(X) — €°°(X) be the Laplace operator,

AN=297%
i=1
It is immediate to check that, for all a € Z", A(ds) = —||||?po. Therefore, ¢, is

an eigenvector of —A with eigenvalue ||a|?.

Since the n-dimensional torus is not a very suitable space for most examples of
learning theory, we extend the setting as suggested by Remark 1.

Example 5 Consider now X, a bounded domain in R™ with smooth boundary 90X,
and a Hilbert basis {¢ }r>1 of € functions in KS(X ) satisfying

—A¢p = (ropr in X, forallk>1
¢ =0 on dX, forall k> 1

with
0<¢ <<(3...700.

Here p is the Lebesgue measure on X inherited from IR™. The existence of
{or}k>1,{Ck}r>1 as above uses a main theorem in the theory of elliptic differen-
tial equations.

For N € IN consider H y, the subspace of fi(X) generated by {¢1,...,¢n}. The
higher frequency justification for the cut off in the case of Fourier series still applies.
This comes from the Courant Nodal Theorem or the many variables Morse index
Theorem (see [Smale 1965] for a formal account). Also, as above, let H = Hy g
be the ball of radius R with respect to the norm || ||o in Hy and let fz be the
corresponding target function.

Recall we have assumed that f, is bounded on X. Then, f, € £7(X) and
fp € Z}(X). Suppose in addition that R > ||f,llc. Then R > ||f,l, and f3 is the
orthogonal projection of f, on Hy w.r.t. the inner product in pr(X ). The main
result of this section bounds the approximation error £(f3).

Let D,, denote the operator norm ||J|| where J is the identity function

L2(X) D 22(X).

We will call Dy, the distortion of p (with respect to p). It measures how much p
distorts the ambient measure u. It is often reasonable to suppose that the distortion
D,,, is finite.
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Since p is not known, then D,,, is not known in general as well. But our estimate
in Theorem 1 below gives a relation between the approximation error and D,,.
Moreover, the context could lead to some information about D,,. An important
case is the one in which, in spite of p not being known, we do know px. In this case
D, may be derived.

For f = Y"p2, kb, let || f||x denote
oo 1/2
(Z CZCk> :
k=1

The set of f such that this series is convergent is a linear subspace of KE(X ) on
which || || x is a norm. Motivation for this norm is given in the next section in which
a similar construction is described for an integral operator given by a Mercer kernel
K (hence the notation).

Theorem 1 Let H and fy be as above. The approximation error satisfies

Vol (X)\ "
) <0y (L) sl +

Towards the proof of Theorem 1 first note that

“fp - f?-l”p = dp(fpaHN) < “J“du(fpaHN)'

Recall, ¢? is the linear space of all square summable sequences (ak)e>1- It is a
Hilbert space with the inner product

((ar), (bs)) =D axby.

k>1

Since f, € fi(X), there exists a sequence {ay}r>1 € % such that f, =Y ap¢y.
Then

o0

> ardk

k=N+1

du(fpaHN)2 =

S -
CN+1

The next lemma deals with the growth of the eigenvalues (.

L 1 F >1 > ———— .
emma ork>1, (> (Vol (X))
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PROOF. Under the hypothesis described at the beginning of this example, a
version of a result of H. Weyl by Li and Yau [1986] (pointed out to us by Roderick

Wong) states that, for all & > 1,

> " gn2 i . 6
Gk = T (BnVol(X)> (6)

where B,, is the volume of the unit ball in R™ and Vol (X') the volume of X.
Stirling’s inequality, Irut~re v < I'(u), (see [Ahlfors 1979], Chapter 5, Sec-
tion 2.5, Exercise 2) implies that

n—1
2

(n/2) > Vo (3) e

. n/2
and, consequently, since B, = % %, that

1 (2m)%ed  (4m)"T b

mT)2e2 mT) 2 ez
B, < — n_1 ntl
" Ver (%) 7 nr

Placing this bound in inequality (6) we obtain, for all k& € IN,

ntl 2/n
kn

n—1 n

2

G > ——dr? (
n+2 Vol (X)(4n) "=

- n—TiL—27T (\/bﬁX))Q/n %

n?tn B\ Eoo\"
n+2 e \ Vol (X) Vol (X)

1
since "nﬁ; z (47r)% > 1 for all n € IN. O
PROOF OF THEOREM 1. Using Lemma 1 we obtain
dp(fp HN)® < Dppdu(fp, Hn)?
1
< D2 ——|fl3
= no CN-l—l “fPHK
Vol (X)\ 2"
< o, (Yor) Il
O

We already remarked that our goal is to minimize £(f,) which equals the sum
el + [[(fu— 1,7 +
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A form of the bias-variance problem is to minimize this sum over N € IN assuming
R, m and ¢ are fixed. So, fix m, R = || f,|loc, and § > 0. From Section 7 in Chapter I

it follows that, if
288 M2 M 1
m > 58 [Nln(%R >+1+ln<g>]
€ €

then, with probability at least 1 — §, the sample error is bounded by . From this
equation it follows that, for given m,d, R, M and N, with probability at least 1 — 0,
the sample error is bounded by any quantity ¢ satisfying

2
. 288M (Nln(gGRM> 14 (1>> > 0.
m € )

The equation obtained by taking the equality in this inequality has exactly one
positive solution. This is due to the form f(¢) = 0 for this equation with f(t) =
t+cln(t) —d, ¢,d > 0. Thus f(0) = —o0, f(4+00) = +o00, and f'(t) = 14 ¢ which is
always positive showing that f monotonically increases in (0, 4+00). We denote this
solution by £(NN) thus emphasizing the functional dependency of £(NN) with respect
to N.

From Theorem 1, we know that the approximation error is bounded by

(¥+1

A(N) = wa

2/n
) T

The integer N minimizing A(N) + ¢(N) will thus be a solution of the bias-variance
problem above. While we have no explicit form for the solution of this minimization
problem it is easy to numerically deal with it. One may also derive some qualitative
information about N.

This development is valid for the case of any compact submanifold X of Eu-
clidean space. A general reference for the material in this section is [Rozenblum,
Shubin, and Solomyak 1994].

2 Abstract Approximation Error

A linear operator L : H — H on a Hilbert space H is said to be self-adjoint if, for
all f,g € H, (Lf,g) = (f,Lg). It is said to be positive (resp. strictly positive) if it
is self-adjoint and, for all non-trivial f € H, (Lf, f) > 0 (resp. (Lf, f) > 0).

The next result, the Spectral Theorem for compact operators (see Section 4.10
of [Debnath and Mikusinski 1999] for a proof) will be useful in this and the next
chapter.

Theorem 2 Let L be a compact linear operator on an infinite dimensional Hilbert
space H. Then there exists in H a complete orthonormal system {¢1, d2,...} con-
sisting of the eigenvectors of L. If Ay is the eigenvalue corresponding to ¢y then the

32



set {\p} is either finite or A\, — 0 when k — oco. In addition, maxy>1 [A\gx| = || L.
The eigenvalues are real if L is self-adjoint. If, in addition, L is positive then A\ > 0
for all k > 1, and if L is strictly positive then A\, > 0 for all kK > 1. O

If L is a strictly positive operator then L” is defined, for all 7 > 0, by

L (Z ak¢k> = Z Ok Pr-

If 7 <0, L" is defined by the same formula on the subspace

S, = {Z akdr | Z (ak)\;)2 is convergent} .

For 7 < 0, the expression ||L"a|| must be understood as oo if a &€ S;.

The following, Theorems 3 and 5 in this and the next section, are taken
from [Smale and Zhou 2001] where one can find a more substantial development
of the approximation error.

Theorem 3 Let H be a Hilbert space and A a self-adjoint, strictly positive compact
operator on H. Let s,7 € R such that s > r > 0.

(1) Lety > 0. Then, for all a € H

: h— 2 Afsb2 < ~ATI|ATST 2.
min (b — a* +7ll4""b]F) <474 all

(2) Let R > 0. Then, for alla € H

1\ .
min b—all <= A "alls-r.
bs.t. ||A*Sb||§R“ I< (R) | |

In both cases the minimizer b exists and is unique. In addition, in part (1), b=
(Id + yA~%%) La.

PROOF. First note that replacing A by A® we can reduce the problem in both
parts (1) and (2) to the case s = 1.
Now, for part (1), consider

p(b) = Ilb — all* + [l A~ b]|*.

If a point b minimizes ¢ then it must be a zero of the derivative Dp. That is, b
satisfies (Id+yA~2)b = a which implies b = (Id+yA~2)~!a. Note that the operator
Id + yA~? is invertible since it is the sum of the identity and a positive operator.
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If Ay > Ay > ... > 0 denote the eigenvalues of A,

o) = [((1d+~A"%) " —Id)a]” + A (1d+~4%) af?

- kzzl <1+7/\— _> Zl</\ (1+A;2 )) &
a ;( /\2+7) > Z<A2+7>

k=
0

2r 2
= wat < (s ) 1Al

,; ( > F tem+ t+ 7Y

Let ¢(t) = % Then

t?"—l tr N
1/;’(t):r — -0 i =1 = L
t+vy  (t+7)? l—r

Thus
YA =4 (1) <y
We conclude that

b) = min ||b — al|? A2 < A4 "al?
o(b) gggll all* + 7| 1 <y 1A "al|

and hence (1).

For part (2) first note that if ||A 'a|| < R then the minimum in the statement
is zero and the theorem is obviously true. Assume from now on that this is not the
case. Then we notice that the point b minimizing || — b|| in the subset of H given
by ||[A~!b|| < R is in the boundary of this subset, i.e. |4~ 1b||

Now, a well known result in constrained optimization States that there exists
v > 0 (the Lagrange multiplier), such that the point b is a zero of the Lagrangian

D(|lb = all*) +yD(|A™"0]?).

But this Lagrangian coincides with Dy of part (1) and we proved in this part that
¢(b) < 4"||A""a||?. From this inequality we deduce firstly that

YR? <A'(|A7"al?
and secondly, since v > 0, that
[b—all* <y A al.

From the first of these two inequalities it follows that

1&,ri
v<(3) A
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Replacing this bound for 7 in the second inequality the statement in part (2) follows.
O

Remark 2 InExample 3, A = (—A+Id)~'/? and s = 7 as in the proof of Theorem 5

1/2

below. In Example 4, A = L;/°, s = 1.

Remark 3 The quantity
: b 2 =5p 2
K(a,y) = iféln (|| —all”+ A || )

is a modification of the K-functional of interpolation theory [Bergh and Lofstrom
1976]. Moreover,

I(a, R) = 16— al
is an object of study also in [Bergh and Lofstrom 1976]). The proof of Theorem 3
shows that K(a,vy) = (A% + 41d)~2¢||2, and, for ¥ > 0 and R = R(y) =
“A_sb’)’”a I(aa R) = K(aa 7) - ’sz'

min
bst. [[A=Sb||<R

Remark 4 We now introduce a general setting in Hilbert space. Let v be a Borel
measure on X and A : Z2(X) — £?(X) a compact strictly positive operator. Fix
5 > 0 and define E = {g € Z?(X) | |[A *gll, < co}. We can make IE a Hilbert
space with the inner product

<ga h>IE = <Aisga Aish>l/'

Thus, A% : £%(X) — E is a Hilbert isomorphism. The general setting in Hilbert
space is the setting above together with the assumption that the inclusion IE —
ZL2(X) factors

E

Z7(X)

JE
7 (X)
with Jy, compact. Therefore the hypothesis space H = Hy, g is Ji(Bgr) where By
is the ball of radius R in IE. Note that the target fy is the b of Theorem 3 (2), for
H = %2%(X), and we may consider the corresponding approximation error.
As in Section 1 we consider D,,, the distortion of p with respect to v, i.e. the
operator norm of

L2(X) L L22(X).

Theorem 4 In the general setting in Hilbert space, the approximation error satis-
fies, for 0 <r <s,

2r

) = W= foli+ o2 < D2 () 1R +
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PROOF.

. . L\ oy it
16 = Full = min 15y = ol < Doy i 15, =l < Do () 147 1,1

with the last inequality from Theorem 3 (2) with H = £?(X) and a = f,. O

While in Example 3 we always take v = u, the Lebesgue measure, in our most
interesting example (Example 4) we will usually suppose v = p so D,,, = 1.

3 Approximation Error in Sobolev spaces and RKHS

We continue our discussion of Example 3 in the context of the approximation error.
In this section X C R" is a compact domain with smooth boundary.

Theorem 5 Let s > n/2 and r such that 0 < r < s. Consider R > 0, Bg the ball

of radius R in H°(X) and H = Js(Br). Then the approximation error satisfies

2r
s—r 2s 9

1
) <22, (3) 7 WAl + 0,

where C' is a constant which depends only on s,r and X.

PrROOF. Let A: H*(X) — fi(X) denote the Laplacian and A = (—A+1d) /2,
ForallT >0, A" : Zi(X ) = H7(X) is a compact linear map with bounded inverse.
There exist Cp, C; > 0 such that, for all g € H™(X),

Collgll- < A gllu < Cullgll~ (7)

By composing with the inclusion H'(X) — £Z(X) and slightly abusing notation
we may assume A : Zi(X ) — Zi(X ) and consider the general setting in Hilbert
space.

Let IE be the space defined in this setting with A = A and s = 7. Then the
ball Brc, (IE) of radius RCj in IE is included in the ball Br(H*(X)) in H*(X) and
consequently

Eh) = min  lfp-gl2+02< win |, - gl2+ ok
(fa) geBR(HS(X))H »—4ll; + 0o, g B () 1fo —gll;, + o,
Now, apply Theorem 4 to obtain
1\ )
. 2 2 2 s—r r ﬁ ,
min —9gll; +05 <D, | = A 402
iy =l b < Dy (e ) I

Apply finally (7) with 7 = r to get
AT fpllu < Cull follr
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—2r 2s
and the result follows by taking C'= Cy "C}™".
For the facts about Sobolev spaces mentioned in this proof see [Taylor 1996].
O

Remark 5 (i) In Theorem 5 we have some freedom to choose r. For example if
fp is a characteristic function and 0 < r < 1/2 then ||f,||, < oo (see [Smale
and Zhou 2001]) and we obtain information in the classification problem of
learning theory.

(ii) The essence of Theorem 5, for the case n = 1, appears in [DeVore and Lorentz
1993].

It is also possible to use Theorem 4 to derive bounds for the approximation error
in Example 4.

Theorem 6 Let K be a Mercer kernel, v a Borel measure on X, R > 0, and
H = Ig(Bgr). The approzimation error satisfies, for 0 <r < 1,

2r

1

1-r —_r %r
) <D () 1B R + 02

PrROOF. Take A = L}(/Z and s = 1 in Theorem 4. Then, we will see in Section 3
in Chapter IIT, for all f € Z2(X), ||fllx = [|[A 'f]|, which implies that IE is the
reproducing kernel Hilbert space of Example 4. Now apply Theorem 4. O

4 The Bias-Variance problem

Consider the general setting in Hilbert space described in Remark 4. Fix a sample
size m, and a confidence 1 — ¢ with 0 < § < 1. For each R > 0 a hypothesis
space H = Hp, g is determined and we can consider fy and, for z € Z™, f,. The
bias-variance problem in the general setting consists of finding the value of R which
minimizes a natural bound for the error £(f;) (with confidence 1 — §). This value of
R determines a particular hypothesis space in the family of such spaces parametrized
by R or, using a terminology common in the learning literature, it selects a model.

Theorem 7 For allm € N and 0 € R, 0 < §d < 1, and all r with 0 < r < s, there
erists a unique solution R* of the bias-variance problem in the general setting.

PROOF. We first describe the natural bound we are going to minimize. Re-
call, £(f,) equals the sum Ey(f,) + £(fx) of the sample and approximation error.
Theorem 4 bounds the approximation error, for 0 < r < s, by an expression

2r
DN
am) =2, () 1AL+
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We now want to bound the sample error. To do so let
M = M(R) = ||[Jell R + M, + || foll-
Then, almost everywhere, |f(z) — y| < M since

[f (@) =yl <|F @)+ 1yl < 1f @)+ Ty = Fo(@)| + [fol)] < N JellR + My + ([ folloo-

The sample error ¢ satisfies, with confidence 1 — §, by Theorem C*,

€

N(H,m) ¢ B > 6

i.e.
€

e I (%) ~n (W (#5577 )) <0

or yet, as in Remark 11 of Chapter I,

me (1) - (24M201E>1/"E <0
288 M2 5 1 JEle =
where we have also used that R||Jg| < M. Write v = 5. Then the inequality
above takes the form
cov —c1 — v 1 <0 (8)

1/¢
where ¢y = 555, c1 = In (%), cy = (%) E, and d = 1 /.

If we take the equality in (8) we obtain an equation which, it is easy to see, has
exactly one positive solution for v. Let v*(m,d) be this solution. Then, e(R) =
M?v*(m, d) is the best bound we can obtain from Theorem C* for the sample error.

We will therefore minimize a(R) + £(R).

For a point R > 0 to be a minimum of a(R) + ¢(R) it is necessary that ¢'(R) =
—a/(R). Taking derivatives, we get
—2r _—(s+r)

2
s—r d " — -~ 7
S_TR an o'(R) =Cy 1)

r(s +T)R%

' (R)=-Cy

25
where Cy = D, |A™" f,lls™", and
£ (R) = 2Mv*(m, d) and e"(R) = 2v*(m, ).

Since C'4 > 0 we deduce that —a/(R) is a positive function monotonically decreasing
on (0,400). On the other hand, since v*(m,d) > 0, it follows that &'(R) is a
positive function strictly increasing on (0, +00). Since €'(+00) = +00, —a/(+00) =
0, £(0) < +00 and —a/(0) = 400 we deduce the existence of a unique R* such that
e'(R*) = —d/(R*).
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For different instances of the general setting the value of R* may be numerically
computed.

Remark 6 In this section we considered a form of the bias-variance problem which
optimized the parameter R fixing all the others. One may consider other forms of the
bias-variance problem by optimizing other parameters. For instance, in Example 4,
one may consider the degree of smoothness of the kernel K. The smoother is K, the
smaller is Hx. Therefore, the sample error decreases and the approximation error
increases with a parameter reflecting this smoothness.

CHAPTER III: ALGORITHMS

1 Operators defined by a kernel

Recall, X is a compact domain or manifold in Euclidean space with dim X = n.
However, for much of this chapter is sufficient to take X a compact metric space.
Let v be a Borel measure on X and .Z?(X) be the Hilbert space of square integrable
functions on X. Note that v can be any Borel measure. Significant particular cases
are Lebesgue measure or the marginal measure px of Chapter I.

Let K : X x X — R be a continuous function. Then the linear map

Ly : LX(X) = €(X)

given by the following integral transform

(Lif)(z) = / K (2, )f (t)dv ()
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is well-defined. Composition with the inclusion ¢'(X) — Z2(X) yields a linear
operator Ly : Z2(X) — £?(X) which, abusing notation, we will also denote by
L.
The function K is said to be the kernel of L and several properties of L follow
from properties of K. Let
Ck = sup |K(z,t)|.
r,te X

Also, for z € X, let K, : X — R be given by K,(t) = K(x,t).

Proposition 1 If K is continuous then Li is well-defined and compact. In addi-
tion, ||Lg|| < \/v(X)Ck. Here v(X) denotes the measure of X.

PROOF. To see that L is well defined we need to show that Lg f is continuous
for every f € £2(X). To do so consider f € £2(X) and 1,72 € X. Then

(L f)(21) = (Lrf)(z2)] = ‘/(K(ﬂﬂl,t) — K(22,1))f(t)
| Kz, — Kz, |||l Il by Cauchy-Schwartz
Vv (X) max | K (z1,) = K (z2, t)]|| ]|

<
<
Since K is continuous and X is compact, K is uniformly continuous. This implies
the continuity of Lx f.
The assertion ||Lx|| < +/v(X)Cg follows from the inequality

(L f)(2)] < Vv(X) ?él)13|K(ﬁUat)|||f||

which is proved as above.

Finally, to see that Lx is compact, let (f,) be a bounded sequence in .Z2(X).
Since || Lk flloo < Ckl|f|| we have that (Lg f,) is uniformly bounded. And, since
(L fn)(z1) — (Lg fn)(z2)] < /(X)) maxex |K(x1,t) — K(z2,t)|||fr] for allm > 1,
we have that the sequence (L f,,) is equicontinuous. By Arzela’s Theorem (see e.g.
§ 11.4 of [Kolmogorov and Fomin 1975]), (Lk f,) contains a uniformly convergent

subsequence. O

Two more important properties of Ly follow from properties of K. Recall, we
say that K is positive definite if for all finite sets {z1,...,z} C X the k x k matrix
K[x] whose (i, j) entry is K(x;, ;) is positive definite.

Proposition 2 (a) If K is symmetric then Ly : £2(X) — £2(X) is self-adjoint.

(b) If, in addition, K is positive definite then Ly is positive.
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Proor.  Part (a) follows easily from Fubini’s Theorem and the symmetry of K.
For (b), just note that

k

[ [K@ns@re = pw 55 S K@)

i.j=1

v(X) T
k2 °*

K[x]fx

k— 00

where, for all £ > 1, z1,...,2, € X is a set of points conveniently chosen, fx =
(f(z1),..., f(zr)) and K[x] is the k x k matrix whose (%, j) entry is K (z;,2;). Since
this matrix is positive definite the result follows. O

In the sequel we will consider a Mercer kernel K (i.e. a function K : X x X — R
which is continuous, symmetric and positive definite). Then Lg : £2(X) — £2(X)
is a self-adjoint, positive, compact operator and the Spectral Theorem (Theorem 2
of Chapter II) applies. Let Ag, £ > 1, denote the eigenvalues of Lx and ¢ the
corresponding eigenfunctions.

Corollary 2 For k > 1, if A\ # 0 then ¢y is continuous on X.

PROOF.  Use that ¢ = 5L (). m

In the sequel we will assume, without loss of generality, that Ay > Agyq for all
k> 1.

2 Mercer’s Theorem

If f € Z%X), and {¢1,¢s,...} is a Hilbert basis of £2(X), f can be uniquely
written as f = Y ;2 ar¢y and the partial sums Zszl ay ¢y, converge to f in Z2(X).
If this convergence also holds in % (X) we say that the series uniformly converges
to f. Also, we say that a series Y ay converges absolutely if the series > |ay| is
convergent.

Theorem 1 Let X be a compact domain or a manifold X, v a Borel measure
on X, and K : X x X — R a Mercer kernel. Let \; be the kth eigenvalue
of Lk and {¢r}r>1 the corresponding eigenvectors. For all z,t € X, K(x,t) =

Z)\kqﬁk ) where the convergence is absolute (for each z,y € X x X) and

umform (on X x X).

The proof of Theorem 1 is given in [Hochstadt 1973] for X = [0,1] and v the
measure inherited by the Lebesgue measure on R but the proof there is valid in the
generality of our statement.
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Corollary 3 The sum Y A, is convergent and
> = / K(z,z) < v(X)Ck.
k=1 X

Therefore, for all k > 1, A\ < (%)

oo
PRrROOF. By taking z =t in Theorem 1 we get K(z,z) = Z Medr(z)?. Integrat-
k=1

ing on both sides of this equality

Sox [ ot = [ Kw) <vinn

But since {¢1, ¢2, ...} is a Hilbert basis, [ ¢2 = 1 for all k > 1 and the first statement
follows. The second statement follows from the assumption A\, > A; for 7 > £.
O

3 Reproducing Kernel Hilbert Spaces

In this section we fix a compact domain or a manifold X, a Borel measure v on X,
and a Mercer kernel K : X x X — R. The two main results of this section are the
following.

Theorem 2 There exists a unique Hilbert space Hy of functions on X satisfying
the following conditions

(i) foralze X, K; € Hg,
(ii) the span of the set {K, |z € X} is dense in Hg, and
(iii) for all f € Hi, f(z) = (Ka, )k

Moreover, Hy consists of continuous functions and the inclusion I'x : Hx — € (X)

is bounded with ||Ix|| < C}(/Z.

Theorem 3 The map

d: X — 0
z = (V2dk(T)) ke

is well-defined, continuous, and satisfies

K(z,t) = (®(z), D(2)).
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Corollary 4 For all z,t € X, |K(z,t)| < K(z,z)" /2K (t,t)"/2.

Proor.  This is a consequence of Cauchy-Schwartz inequality and the last state-
ment in Theorem 3. O

Remark 1 (i) Note that the space Hx of Theorem 2 depends only on X and K.
It is independent on any measure considered on X.

(ii) In the learning context, the space £? in Theorem 3 is often called feature space
and the function ® the feature map.

(iii) The Hilbert space Hg in Theorem 2 is said to be a reproducing kernel Hilbert
space (or, for short, a RKHS). This terminology is of common use in the
learning literature.

(iv) A substantial amount of the theory of reproducing kernel Hilbert spaces was
developed by N. Aronszajn [1950]. In page 344 of this reference Theorem 2,
in essence, is attributed to E.H. Moore.

PROOF OF THEOREM 2.  Let Hj be the span of the set {K, | x € X}. We define
an inner product in Hy as follows. If f =37 | o;K,, and g = 22:1 BiKy; then

1<i<s

1<j<r
Let Hx be the completion of Hy with the associated norm. It is easy to check that
‘Hx satisfies the three conditions in the statement. We only need to prove that it
is unique. So, assume H is another Hilbert space of functions on X satisfying the
noted conditions. We want to show that

H=%Hk and (7 >H = (7 >7{K' (9)

We first observe that Hy C H. Also, for any z,t € X, (K,;,K;)g = K(z,t) =

(Kz, Kt)3, . By linearity, for every f,g € Ho, (f,9)n = (f,9)n,- Since both H

and Hy are completions of Hy, (9) follows from the uniqueness of the completion.
To see the remaining assertion consider f € Hx and x € X. Then

| (@) = (K, A < WKl = 7]V E (2, ).

This implies ||f|loc < VCrkl|flln, and thus, ||[Ix| < +/Ck. Therefore, convergence
in || ||z, implies convergence in || || and this shows f is continuous since f is the
limit of elements in Hy which are continuous. O

PROOF OF THEOREM 3. For every z € X, by Mercer’s Theorem, Y A% (z)
converges to K (z,z). This shows that ®(z) € £2.
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Also by Mercer’s Theorem, for every z,t € X,
= 3 M (@) (1) = (B(a), D (1)).
k=1

It only remains to prove that ® : X — ¢2 is continuous. But for any z,t € X,

[@(z) —@(B)] = (2(z),2(x)) + (B(t), 2(1)) — 2(P(z), D(%))
K(z,z)+ K(t,t) — 2K (x,t)

which tends to zero when x tends to ¢ by the continuity of K. O

We next characterize Hg through the eigenvalues A; of Lx. Theorem 2 of
Chapter II guarantees that Ay > 0 for all £ > 1. In the rest of this section we
assume that, in addition, Ay > 0 for all £ > 1. There is no loss of generality in doing
so (see Remark 3 below).

Let
HK:{fE$2 )| f= Zak¢k with (&)662}

We can make Hpg a Hilbert space with the inner product

Z akbk

for f = > apdr and g = > brdr. Note that the map

LYV 22(X) - Hg

Y arde =Y ap et

defines a isomorphism of Hilbert spaces. In addition, considered as an operator on

Z2(X), it is the square root of Ly in the sense that Lx = L}(/z o L}(/z.

Proposition 3 The elements of Hx are continuous functions on X. In addition,
for f € Hg, if f = ax¢r then this series converges absolutely and uniformly to

7.

PrOOF. Let g € Hi, g =), gk¢k, and z € X. Then

)| = < gl @@ = gl K (z, )"
k=1

the inequality by Cauchy-Schwartz and the last equality by Theorem 1. Thus,
lgllo < VCrkllgllk- Therefore, convergence in || ||x implies convergence in || ||oo
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which, applied to the series gy = f— Z/ngﬂ a ¢, proves the statement about uniform
convergence. The continuity of f now follows from that of the ¢ (Corollary 2). The
absolute convergence follows from the inequality >’ |gxdk ()| < [|g]lx || ®(2)]]-

O

Lemma 1 Let x € X. The function ¢, : X — IR defined by p,(t) = (®(x), ®(¢))
belongs to Hy .

PROOF. Use Theorem 3. O

Proposition 4 For all f € Hi and oll z € X, f(z) = (f, Ky)k-
PROOF. For f € Hg, f = Zwk¢k,

(f, Kg)x = Zwk<¢kaKw>K:Z%<¢kaKm>
k=1 k=1 "*

Theorem 4 The Hilbert spaces Hx and Hi are the same space of functions on X
with the same inner product.

PROOF. For any z € X, the function K, coincides, by Theorem 3, with the
function ¢, in the statement of Lemma 1. And this result shows precisely that
vy € Hgi. In addition, Proposition 4 shows that for all f € Hg and all z € X,
f(z) = (f, Kz)x. We now show that the span of {K, | z € X} is dense in Hg.

To do so, assume that for f € Hg, (f,K;)xk = 0 for all ¢ € X. Then, since
(f, Ki)x = f(t), we have f =0 on X. This implies the desired density.

The statement now follows from Theorem 2. O

Remark 2 A consequence of Theorem 4 is the fact that the Hilbert space Hp,
although being defined through the integral operator Lx and its associated spectra
which depend on the measure v, is actually independent of . This follows from
Remark 1.

Remark 3 The properties of Hx and ® have been exposed under the assumption
that all eigenvalues of L are strictly positive. If the eigenvalues may be zero as well,
let H be the linear subspace of .Z2(X) spanned by the eigenvectors corresponding
to non-zero eigenvalues. If H is infinite dimensional, all the results in this section
remain true replacing .Z?(X) by H. If H if finite dimensional, this is so if, in
addition, we replace £2 by RY where N = dim H.
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4 Mercer kernels exist

Given a kernel K, to check its symmetry and continuity is in general straightforward.
It is more involved to check that it is positive definite. The next result, Proposition 5
below, will be helpful to prove positivity of several kernels. It was originally proved
for R™ by Schoenberg [1938] (together with a more difficult converse) but it follows
for subsets of IR™ by restricting to such a subset a kernel defined on IR".

A function f : (0,00) — R is completely monotonic if it is € and, for all r > 0
and k>0, (=1)F ) (r) > 0. Here f*) denotes the kth derivative of f.

Proposition 5 Let X ¢ R", f : (0,00) = R and K : X x X — R be defined
by K(z,t) = f(||lz —t|?). If f is completely monotonic then K is positive definite.
O

Corollary 5 Let ¢ # 0. The following kernels, defined on a compact domain X C
R"™, are Mercer kernels.

_lle—t)?
2

(a) [Gaussian] K(z,t) =€ ¢

(b) K(z,t) = (¢ + ||z — t||*)® with a > 0.

PrOOF.  Clearly, both kernels are continuous and symmetric. In (a) K is positive
definite by Proposition 5 with f(r) = e <. The same for (b) taking f(r) = (c? +
)T 0

Remark 4 The kernels of (a) and (b) in Corollary 5 satisfy Cjx = 1 and Cg = ¢ =2
respectively.

The following is a key example of finite dimensional RKHS induced by a Mercer
kernel. In contrast with the Mercer kernels of Corollary 5 we will not use Proposi-
tion 5 to show positivity.

Example 1 (continued) Let Hy = Hq(IR™!) be the linear space of homogeneous
polynomials of degree d in zg,z1,...,Z,. Thus, we recall, elements f € H, have
the form f = Z wer® with o = (ag, a1,...,a,) € N1 It follows that the

|a|=d
N — n+d
= N .

dimension of H, is
We can make H; an inner product space by taking

(fr9) = D wava(Ca) ™"

la|=d
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for fag € Hda f = Zwaxa, g = Z’Uallfa. Here

d!

Cl= ———
Oto!"-an!

(07

is the multinomial coefficient associated to the pair (d,«). This inner product,
which we call the Weyl inner product, is natural and has important properties such
as group invariance. If ||f]| denotes the norm induced by this inner product then
one has

f (@) < [1F Il

where ||z|| is the standard norm of z € R"*! (cf. Lemma 7 of Chapter 14 of [Blum,
Cucker, Shub, and Smale 1998]; this reference gives more background to this dis-
cussion).

Let X = S(R"*!) and
K:XxX — R
(z,) = (z,t)
where ( , ) denotes the Euclidean inner product in R"*!. Let also

$:X — RY
r — (wa(03)1/2> .
Then, for z,t € X, we have
(D(2), (1)) = Y a*°CY = (w,1)" = K(a,1).
|a|=d

This equality enables us to prove that K is positive definite since it implies that, for
t1,...,ty € X, the entry in row 7 and column j of K[t] is (®(¢;), ®(¢;)). Therefore, if
M denotes the matrix whose jth column is ®(¢;), we have that K[t] = M "M from
which the positivity of K[t] follows. Since K is clearly continuous and symmetric
we conclude that K is a Mercer kernel.

Which is the RKHS associated to K?

Proposition 6 H; = Hx as function spaces and inner product spaces.

PrOOF.  We know from the proof of Theorem 2 that H g is the completion of Hy,
the span of {K, | x € X}. Since Hy C H4 and H4 has finite dimension, the same
holds for Hy. But then Hj is complete and we deduce

Hix = Hy C Hy.

The map V : R**! — RY defined by V() = (%) |a|=q 13 @ well-known object
in algebraic geometry where it receives the name of Veronese embedding. We note
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here that the feature map ® defined above is related to V since for every z € X,
®(z) = DV(x) where D is the diagonal matrix with entries (C4)'/2. The image of
IR™*! by the Veronese embedding is an algebraic variety called the Veronese variety
which is known (cf. §4.4 of [Shafarevich 1994]) to be non-degenerate, i.e. to span
all of RN, This implies that Hx = Hq as vector spaces. We will now see that they
are actually the same inner product space.

By definition of the inner product in Hy, for all z,t € X,

(Ko, Ki) iy = K(z,t) = ) Ca®t™.
|a|=d

On the other hand, since Kq(w) = 3, _q Cl2%w®, we have that the Weyl inner
product of K, and K; satisfies

(Ko Ki)uy = Y (C2) T CanCit® = > Coa™t®.
|a|=d |a|=d

We conclude that, since the polynomials K, span all of Hy, the inner product in
Hrg = Hy is the Weyl inner product. O

The discussion above extends to arbitrary, i.e. not necessarily homogeneous,
polynomials. Let P; = P4(IR™) be the linear space of polynomials of degree d in

Z1,--.,Tn. A natural isomorphism between P; and Hq is the “homogenization”
Pi — Hg
d—
Z wert Z WLy lad o,
o] <d o] <d
Here, a = (a1, ...,q,) € N" is a “multi-index” and z%* = z{"* --- 2. The inverse

of the homogenization is obtained by setting zo = 1. Through this isomorphism we
can endow P, as well with the Weyl inner product.
Let

K:R'xR" - R
(@,8) = (L4 (z,1))’

and ® : R® — RY given by ®(z) = (1,$“(C§)1/2). Then, one has (®(z), ®(t)) =
K(x,t).

Remark 5 Note again that the reproducing kernel Hilbert structure on H4 for
K(x,t) = (x,t)¢ is precisely the Weyl one.
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5 Covering Numbers on Reproducing Kernel Hilbert
Spaces

The goal of this section is to estimate the covering number N (I (Bg),n) for R,n > 0

as promised.

Theorem D Let K : X x X — IR be a € Mercer kernel and Hg its corre-
sponding RKHS. Then the inclusion I : Hxg — €(X) is compact and its entropy
numbers satisfy ex(Ir) < C}’Zk_h/Q”, for all h > n, where Cj is independent of k.
Consequently, for h > n, n >0, and R > 0,

() < (2

where Cy, is a constant slightly larger than C} .

Lemma 2 Let 0 < r < s and a € XMQ(X) Suppose there exists C' > 0 such that,

for all R > 0,
1 sS—r
i b— <(C| = .
o Ti b —all < (R)

Then, for all § > 0, |jall,—s < ¢sC 5 .

PROOF.  See e.g. Theorem 2 in [Smale and Zhou 2001] (take there E = Z7(X),
H = H*(X) and 6 = r/s) so that if for all R >0

1 S:'I‘
mi b—al| <C|( =
n el all < <R>

bs.t. |blls<R

then |lall, /0 < 2C%5 where || /5,00 denotes a norm in an interpolation space
whose precise definition will not be needed here. Actually, in [Bergh and Lofstrom
1976], pages 46 and 55 equation (1x), it is proved that, for all 6 > 0, there exists a

constant Cj such that, for all a in this interpolation space,

lall-—s < Csllally/s,00-

The proof now follows by taking cs = 2Cj. O

Lemma 3 Let K be a €°° Mercer kernel. Then, the image of Lk is included in
H™(X) for all 7 > 0. Considered as a linear map from £2(X) to H™(X), L is
bounded.
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PROOF.  For f € Z7(X),

2
il = [ S orwen@r= [ Y ([ psriso)

laf<T la|<T
< [ 2 [ w2 [ e
veX |2 Jiex tex
< NFIBR(X) Y sup (DK (x))?
jor <7 1€
with the first inequality by Cauchy-Schwartz. O

PROOF OF THEOREM D. Let f € Hx and R > 0. By Theorem 3 (2) in Chapter 11
with A=Lg,s=1,r=1/2 and a = f, we have

1 1 —1/2 42 1 9
min — < Z L _ 1+ ‘
gsit. ||L;(lg||§R||g Il RH x R“f“K

Let 7 > 0 and ¢; = || Lg]|| for L : £;(X) — H™(X). By Lemma 3 above,

. L,
min g — fIl < S fllk
g st |gll-< & R

cr

or yet, replacing R/c, by R,

. c. )
min _ < T .

g s.t. \|g||T§R||g f“ - R HfHK
Since this inequality holds for all R > 0 we can apply Lemma 2. We do so with
3:T:3h/23 T:3h/4, 6:h/4, andC:cTHfH%( tO Obta,in

1 lln2 < C'Ifllk (10)

where C' = c;, /€312

Inequality (10) proves the existence of a bounded embedding Hyx — H"/2.
Also, since h > n, the Sobolev Embedding Theorem and Rellich’s Theorem apply
to yield a compact embedding H"? — %(X). From this we deduce the following
factorization

Ik

Hi Z(X)

J Ihs2
Hh/2
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which shows that [k is compact.
In addition, by Edmunds and Triebel’s bound (inequality (4) in Chapter I), we

have ey (Jp,/2) < C (%)h/ *™ for a constant C independent of k. Therefore

. 1 h/2n
ex(Ix) = ex(Jnad) < ex(Tn)lT ]| < C'C <E>

which proves the first statement in the theorem by taking C; = C'C.
The second statement follows by using that N (Ix (Br),n) < 2¥ — 1 if and only
if ex(Ix) < n/R and solving for k. O

6 On the minimizer of &,(f) + 7| f||%

Let X, .Z22(X), K, | |lx and Hx be as in Section 1. We now abandon the setting of a
compact hypothesis space adopted in Chapter I and slightly change the perspective.
In what follows, we take H = Hg i.e. H is a whole linear space, and we consider
the regularized error £, defined by

E,(f) = / (f(2) - ) + 1%

for a fixed v > 0. For a sample z, the regularized empirical error £, , is defined in
Proposition 8 below. One may consider a target function f, minimizing &, (f) over
‘H. But since H is no longer compact the existence of such a target function is not
immediate. Our next result proves that f, exists and is unique.

Proposition 7 For all v > 0 the function f, = (Id + 'yLI_(I)*lfp is the unique
minimizer of £, over H.

PROOF.  Apply Theorem 3 (1) of Chapter IT with H = £2(X), s =1, A = L}/,
and a = f,. Since for all f € Hg, ||fllx = ||L[_(1/2f||l,, the expression ||b — a||? +
v||A74b||? is in our case E,(b). Thus, f, is the b in the mentioned theorem and the
proposition follows. O

For the following result we have followed [Evgeniou, Pontil, and Poggio 2000]
and its references. See also the earlier paper [Craven and Wahba 1979].

Proposition 8 Let z € Z™ and v € R, v > 0. The empirical target, i.e. the
function f, , = f, minimizing the reqularized empirical error

m

S (i — F@)? +f 1%

1
m <
=1

o1



over f € Hi, may be expressed as

m
E a; K (x, ;)

=1
where a = (ay,...,ay) is the unique solution of the well-posed linear system in R™
(ym1d + K[x])a =
Here, we recall, K[x] is the m x m matriz whose (i,5) entry is K(z;, ),

x = (Z1,...,%y) € X™, and 'y = (y1,---,Ym) € Y™ such that z =
((xlayl)a"'?(xmaym))'

m

PrOOF.  Let H(f Z 2+ 4||fI% and write, for any f € Hg,
=1

f= Zcm Recall, uqu—Zi‘;-

k=1
0H _ 1 <
For every k > 1, — = — Y —2(y; — f(x;))dp(z;) + 2'yc—k. If f is a minimum
dc, m — Ak
of H then, for each k, we must have g = 0 or, solving for ¢,

m
ek =k Y aidr(z;)
i=1

where a; = %() Thus,
o0
fl@) = Y crg(x) ZAkZazébk i) pi(2)
k=1 k=1 =1
= GZZ)\]C¢]C Z; ¢k Zaz xla
i=1 k=1

Replacing f(z) in the definition of a; above we obtain

Yi — > iey aiK (zi, )
ym '

a; =

Multiplying both sides by ym and writing the result in matrix form we obtain
(ymId + K[x])a = y. And this system is well-posed since K[x] is positive and the
addition of a positive matrix and the identity is strictly positive. O

Proposition 8 yields an algorithm which outputs an approximation of the target
function, working in the infinite dimensional function space Hx. We won’t pursue
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the implications of that result here; but see [Evgeniou, Pontil, and Poggio 2000]
and its references for some indications. Moreover, we have not given a bias-variance
estimate based on the parameter . That would be useful since a good choice of
v is important in choosing an algorithm. The framework developed here suggests
approaches to this problem. But it is time for us to end this modest contribution
to the foundations.

Appendix A: Entropy numbers and eigenvalues

The entropy numbers of a compact operator T : [E — IE are closely related to the
eigenvalues of T. If |\;| > |A2| > ... are these eigenvalues then |\;| < v/2e(T).
This inequality is due to B. Carl and is proved, for instance, in page 512 of [Lorentz,
Golitschek, and Makovoz 1996]. An inequality in the opposite direction is proved in
Proposition 9 below. Related material can be found in [Pietsch 1987].4

Proposition 9 Let \y > Ao > ... > X\, > ... > 0 be a sequence of real numbers.
Consider the diagonal linear operator defined by

L:0? = 2
(wp) = (Aqwyp).
If Ay < CE~C for some C,¢ and all k > 1, then
ex(L) < Cp(lnk)~", and, if k>2,  en(L) <200k7".

Here C;, = 6C/°.

“Many of the analysis references used for our paper deal with the case dim X = 1 and that case
is not useful in learning theory. Thus some care must be taken in depending on the literature. It
is useful to quote Pietsch ([1987] page 252) in this respect:

[...] Moreover the situation is even worse, since these authors have very often omitted
proofs claiming that they can be adapted step by step from the scalar-valued setting.
Thus [...] we are not in a position to recommend any rigorous reference. On the other
hand, it would be beyond the scope of this book to provide all necessary details. This
section is therefore in striking contrast to the rest of the book. It presents the most
beautiful applications of the abstract theory of eigenvalue distributions to integral
operators, but requires a lot of blind confidence on the part of the reader. Nevertheless,
I bet my mathematical reputation (but not my car!) that all the statements are
correct.
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PrOOF. By Lemma 4 below,

er(L) < 6supk n(MAa... \p)w

nelN
< 6C sup kY/m <—'> < 6C sup kL/" (3)
nelN n. nelN n
1 l
= 6Ce’ sup K"/ (—)
nelN n

the last by Stirling’s inequ%lity. Letting z = n~ ¢ and looking at the zero of the
derivative of f(z) = zk """ we see that the maximum of f is reached when z =
(¢/1nk)*. Therefore, the supremum of the expression above is bounded by its value

at n =1nk/¢, ie.,
¢\ ¢\*
< ‘ 7[1‘] _ = _ .
ep(L) < 6Cek Wk (lnk) 6C (lnk)

ex(L) = eqn_ (L) < 6C (

Moreover

V4
— ) <20k,
ln(2k—1)> < (1206)k
O

The following result is taken from [Carl and Stephani 1990] (see Proposition 1.3.2
there).

Lemma 4 In the hypothsesis of Proposition 9, for every k > 1,

1 1 1 1
sup k™ n (Mg ... A\p)m < ep(L) <6supk n(AAg...\p)n.
nelN nelN

Appendix B: The least squares algorithm

Recall that f, is the function minimizing in A the empirical error &,. In the Chap-
ter I we focused on the confidence of having a small sample error £y(fz). The
problem of actually computing f, was however ignored. We now shift our attention
to that, for the case of H a finite dimensional full linear space.

Let ¢1,...,¢n be a basis of H. Then, each function f € H can be written in a

unique way as
N
f=> wipi
i=1
with w; e R fori=1,...,N.
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For a sample z € Z™, z = ((z1,91),-- -, (Tm,Ym)), t0 minimize the empirical
error £, means to find f € ‘H minimizing

m

> (fxg) =)

=1

where we suppose m > N. Thus one finds w € R" minimizing

m N 2
> (Z(wi¢i($j)) - yj) :

j=1 \i=1

Let aj; = ¢i(x;) and A the m x N matrix with entries a;;. Our problem —in the
sequel the least squares problem— now becomes that of, given A and y, minimizing
over w € W =RN

m

m N 2
> (Z ajjw; — yj> =Y (Aw); —y;)* = || Aw —y|*.
J 1=1

1 ; =1

Note that in our situation, since m > N, the system Aw = y is likely to have no
solutions. A point w minimizing ||Aw — y||? is called a least squares solution.

The idea to “solve” an overdetermined system of equations Aw = y by finding
a point minimizing ||Aw — y||? goes back to Gauss and Legendre®. The motivation
was to find a function fitting a certain amount of astronomical data. The y values
of these data were obtained by measurements and thus contaminated with small
errors. Laplace had suggested minimizing Y77, [(Aw); — y;| with the additional
restriction ZTZI((Aw)j — y;j) = 0 and he had proved that the solution w thus
found satisfied n of the m equalities in Aw = y. But Gauss argued that such a
solution was not consistent with the laws of probability since greater or smaller
errors are equally probable in all of the m equations. Additionally, Gauss proved
that, contrary to Laplace’s suggestion, the least squares solution enjoys remarkable
statistical properties (cf. Theorem 6 below).

Let’s now discuss how to find an w minimizing || Aw — y||>. By abuse of notation
let’s denote also by A the linear map from IRY to R™ whose matrix is A. Let
Im(A) C R™ be the image of A, and ¢ € Im(A) be the point whose distance to y is
minimal. Then

S={weRN|Aw =}

is an affine subspace of R" of dimension N — dim(ker(A)). In particular, the least
squares problem has a unique solution w € RY if and only if A is injective. The
next result is immediate.

5In Nouvelle méthodes pour la determination des orbites des cométes, published in 1805, Legendre
writes “Of all the principles that can be proposed [...], I think that there is none more general,
more exact, and more easy to apply, than that consisting of minimizing the sum of the squares of
the errors.”

95



Proposition 10 Let A : RY — R™ be injective and y € R™. Then the solution
of the least squares problem is given by w = Aly where AT = (A|Im(A))*17r. Here
7 : IR™ — Im(A) is the orthogonal projection onto Tm(A). O

Recall that the orthogonal complement to Im(A4) in R™ is ker(A*) where A*
denotes the adjoint of A. Thus, for every w € RV,

w=Aly — Aw=1y < Aw—7y€cIm(4)*
= A(Aw-—y) =0 <= w=(4%A)"1A*y.

The map Af = (A4*A)~1A* is called the Moore-Penrose inverse of the injective
map A. So, we have shown that w = A'y. In particular, w is a linear function of .
For the rest of this section, assume A is injective.

To compute w the main algorithmic step is to solve the linear system Sw = b
with § = A*A and b = A*y. The field of Numerical Linear Algebra provides us with
an important collection of algorithms doing so and results about their complexity
and stability properties.

Perturbation results for least squares follow from perturbation theory for linear
equation solving. Recall that the condition number of A is defined to be k(A) =
|Al|[At]]. A proof of the following can be found in [Bjérck 1996].

Theorem 5 Let A be an injective m x N matriz, y € R™ and w = Afy. Let 6A
be an m X N matriz such that rank (A + §A) = rank (A) and let dy € R™. Suppose
€A,y > 0 such that

15A] 19y
<ezp an < &y (11)
1]l byl =7

Define sw = (A + 6A) (y + dy) — w.
If K(A)ea <1 then

ly — Aw]]
1]l

<EA||UJ|| + 6yM + 6AI€(A)

K(A)
Jwl|| <
|| 1Al

< m ) +ean(A)[lwl].  (12)

a

Thus, Theorem 5 says that if A and y have relative errors bounded as in (11)
then the error in the solution of the least squares problem is given by (12). We note
the role of the condition number of A in this estimate.

If A is not injective, one can find a solution w € S by considering a maximal
rank restriction of A and solve the problem for this restriction.

[Before finishing this section we state Gauss’ result on a statistical property of
least squares. First some definitions.
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Definition 1 Let Y be a probability space and y = (y1,...,ym) : ¥ — IR™ be
a random vector. A function ¢ : R™ — RY is an unbiased estimate of a vector
v € RN if E(g(y)) = v.

We say that ¢* is a minimum variance estimate (in a class C' of functions from
R™ to RY) of v if E(¢(y)) = v and ZZ]\LI 02(g;(y)) is minimized over all the
functions g € C.

Theorem 6 (Gauss) Let A € R™YN be injective, y* € R™, and w* € RN such

that Aw* = y*. Consider the random vectory such that, forj =1,...,m, y; = yj+e

where € is a random variable with mean 0 and variance o2. The minimum variance

estimate of w* in the class of all unbiased linear estimators is w = Aly, i.e. the
least squares solution of Aw =y.

In our case, Gauss’ Theorem would say that if for every x € X the probability
measures p(y|z) are identical then the following holds. Let w* € IRY such that

N
fu=> widi
i=1

For all samples z € Z™, the least squares solution w of

m

Z(fw(x]) - yj)2

J=1

is the one minimizing the variance (in the sense of Definition 1) among all linear
maps g : R™ — RY such that, for i = 1,..., N,

/ 9i(y) = wy.
yeym

Generalizations of Gauss’ Theorem (among many other results on least squares) can
be found in [Bjérck 1996]. See also [Dedieu and Shub 2000].

Remark 6 This paper can be thought of as a contribution to the solution of Prob-
lem 18 in [Smale 2000].
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